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Abstract

We study a finite, already-prepared quantum carrier V: C — R ® B and ask when its complete residual B responds
to the logical code. Exact recovery from R is equivalent to a constant complete complement. Non-Clifford
resources neither force nor are forced by such response: a Clifford copier responds, while a local non-Clifford gate
and a fixed syndrome with bipartite non-local magic do not. For a controlled-rotation family, 6_full(6) = (sin 8)/2,
e_recAR(0) = (1 — cos 8)/2, 0 < 8 < /2. A first-order commutator witness is sufficient for response, and a Pauli test
decides constancy for Clifford encoders. Readout-and-drop is partial trace, and classical records are not a quantum
decoder. Version 2 adds eight theorems that turn these separations into criteria a proposal can fail. Residual
response never forces a geometric factor, with the exact scope on a fixed residual. Each hypothesis of the
conditional bridge is necessary for a magic-accompanied conclusion, while the resource certificate is idle for the
printed one. Leakage is not a function of a Clifford flag, a T-count, or a stabilizer-entropy bin, and the worst-case
response-indicator error is 1/2. A coupling with vanishing first-order witness has §_full = 1/2sinA2 A. Equal
leakage occurs with different resources, and equal resource class with different leakage. Channel data do not select
a heat ledger; a leakage history does not fix an entropy, record, or Page history; and residual readout followed by
drop returns exactly the radiation channel, with the classical-record bound 1 — 1/d kept distinct from 1 — dA{-2}
and from clock constants. Version 3 adds a conditional-prediction layer (Section). Sixteen proposed cosmological
“predictions" become theorems of the form if a package supplies these data, then this holds on the finite carrier,
each with a witness and a non-claim. The leakage-response bound holds with the sharp constant, |A{O)| <
2s(0)6_full < 4|0|6_full with s(O) the spectral spread, equivalently y_O < 26_full, with equality for the copier;
the proposed constant 2|0 is false. A constant supplied profile has scalar compression and is blind for every
carrier, while a nonconstant one gives the sampling witness (k_1 — x_0)sin 2 n + sin 2nRe ¢ with an
input-independent host. Both marginals can be constant while a product observable responds with the optimal
value 2. One host datum allows every leakage in [0, 1 — dA{-2}]; a code-dependent qubit clock leaks 1/2V(1 —
[(t_0Jt_1)}A2); an echo has F_e = dA\{-2} yet estimates its parameter; the classical floor 1 — 1/d stays distinct from
1 - dM-2}; and a coefficient enters only through a supplied sensitivity law. No layer of the five-layer programme
implies the next, each arrow of the constraint chain needs an added law, and the eight candidate phenomena
remain conjectures with proved finite analogues. No cosmological prediction is made. Standing ledger. No metric,
field-to-memory receiver, admitted analytic quantum coefficient, or gravitational backreaction theorem is
constructed. O.1 stays NOT_CLOSED; no quantum coefficient is admitted; XV-B's admission exit is not opened;
and the separate XVI-N obligations are not discharged.

Bibliographic record

Title En04-A Under the Enter Philosophy—Readout, Recovery, and Residual Response:
Magic, Complete Complements, and the Limits of a Geometric Interpretation, with a
Layer of Conditional Predictions

Author confirmation), Ngo Cheung (authorship requires
Publication date 2026
Institution Enter



En04-A Under the Enter Philosophy—Readout, Enter

Report number En04-A-v3

Publisher Cheung Ngo Medical Limited
First page 1

Last page 45

Language en

Citations identify source records only; no proof transfer. No quantum coefficient is admitted. Gate 0 and ST4b
stay NOT_SUPPLIED; U6-sel is not moved; T3 stays unresolved; no Host C is introduced; no numerical value of
K is given.

The corrected logical structure.

non-Clifford resource = ?residual response,
Clifford encoding =» ?constant complete complement,
constant complete complement < ?exact whole-code recovery fromR,
residual response = ?physical geometric backreaction.

A responding non-Clifford model can be proved after its coupling, code, preparation, access partition, and
response witness are fixed. It cannot be inferred merely from the word ““magic."

Introduction and the corrected problem

The operational question addressed here begins after a preparation has produced a finite quantum carrier. It
concerns a complete encoding or evolution map, an accessible output, an inaccessible residual, a quantum decoder,
and a separate destructive observation.

The proposed slogan
“"Non-local magic enables geometry to respond to matter"

contains several logically distinct statements. In the present channel formulation, the relevant operational
condition is non-constancy of the complete residual channel. However, neither ordinary non-Cliffordness nor a
generic notion of non-local magic is equivalent to this condition. Moreover, an inaccessible quantum memory is
not automatically a geometric degree of freedom.

Exact quantum correction and no-hiding supply the recovery criterion [KnillLaflamme,BraunsteinPati]. Magic
belongs to a resource theory relative to a specified stabilizer structure [VeitchEtAl]. These are different
mathematical structures.

A related but more specialized literature studies nontrivial area operators and perturbative matter—geometry
correlations in holographic or skewed subsystem codes [Ca02024,CaoEtAl2026]. Its hypotheses, subsystem
decompositions, and magic quantities are not identical to a generic channel C — RB. Section explains the
separation.

Relation to the Cheung manuscripts

Landmark I gives a Born-law and positive-branch residual characterization inside its declared strategy class
[Cheungl]. En03-A supplies the minimal linear interface and ownership discipline [CheungEn03A]. We define the
finite fragment locally and use the supplied characterization only at its stated documentary level.

Hawk04-A supplies complete preservation, the global restore map, the exact complementary-channel criterion, the
precise no-hiding conclusion, and the four-Majorana control [CheungHawk04A]. Hawk04-B distinguishes
quantum return, destructive observation, complete apparatus outputs, and operational discard [CheungHawk04B].
The statements needed below are proved locally.

Hawk02-E supplies the regulated microscopic architecture and the separation of source energy from residual
independence [CheungHawk02E]. The complete-process and apparatus disciplines of En02-B, En02-C, En02-E,
and Em03-C are maintained [CheungEn02B,CheungEn02C,CheungEn02E,CheungEmO03C]. Availability of a
decoder, existence of a channel, and executable implementation under a resource budget remain distinct.

The XIV/XV/XVI and OpenAl catalogue comparisons are documentary separations only. Citations identify source
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records only; no proof transfer. They do not supply a premise for any channel, magic, or response theorem in this
paper.

Four repairs made before completing the plan
» Magic is not leakage. A non-Clifford gate can act entirely within the recoverable logical sector. Conversely, a
Clifford interaction can copy a basis label to the residual.

* The restore map does not move the diary into the residual. It recovers the diary from the complete output RB.
Residual-only recovery follows when the radiation channel is constant, not merely from global preservation.

* Readout-and-drop is not permanent physical deletion. It is a trace in the observer's channel semantics. Its
complete unitary dilation retains omitted apparatus outputs.

* Residual response is not yet geometric response. One must identify actual geometric observables and show
that they distinguish the declared matter inputs in the same physical model.

The completed result is consequently a corrected operational bridge with explicit witnesses and counterexamples,
not a proof of the original unconditional slogan.

What is new in version 2

Section adds Theorems,,,,,,, and, with Lemmas and and Proposition . Every result now ends with a non-claim.
Appendix gives the v1 —v2 crosswalk; Appendix records the verdict on each planned theorem and the plan
corrections; Appendix summarizes the finite numerical checks. No label of version 1 is removed or renamed.

What is new in version 3

Section states each of sixteen proposed predictions as a conditional theorem on declared packages (Definition ),
with explicit witnesses and exact minimax errors (Lemma ); it adds the five-layer proposition (Proposition ), the
constraint-chain theorem (Theorem ), the discovery requirements (Definition ), and labelled conjectures with finite
analogues (Conjecture , Proposition ). Layers above the probe use only prescribed hosts and supplied functions; no
dynamics is constructed. Appendix gives the v2 —v3 crosswalk and Appendix the verdicts, plan corrections PC-10
to PC-17, and documentary corrections. No label of version 1 or 2 is removed or renamed.

Complete channels and residual response
Let C ~ C/d, d = 2, be a finite logical code. Output Hilbert spaces are separable. Channels act normally on
trace-class operators and are completely positive and trace preserving, abbreviated CPTP.

For an isometry
V:C - R®B,

set

P _ i+ _ P _ “

10 = VXV, X =Trg 1Y), AX) = Try UX).
The residual B includes every inaccessible output: preparation purifiers, retained memories, uncollected modes,
displaced carriers, and inaccessible apparatus factors.

Distances are
1 1
dy(p,0) = 5lp =0l do(@,P) = S|P - .

All channel statements retain arbitrary untouched references. For finite input, standard diamond-norm and Choi
conventions are as in [Watrous].

Define the replacement channel
T/X) = Tr (X)o
and the quantities

E V)= inf dy(2kidy),

%:R - CCPTP

Sr(V) = 'inf _ACT).

sigmad
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Definition. The complete residual responds to the logical code if ‘¢is not a replacement channel. It is
nonresponding if @ = 7 {0} for one fixed state o.

This concerns variation with the logical input at a fixed encoding or fixed time. Dependence of a fixed
replacement state o_{A} on an external coupling parameter A is not, by itself, logical-input response.

No “rigid geometry" is defined by Cliffordness. When convenient, we call a proved nonresponding interface an
operationally rigid interface. This terminology carries no metric assertion.

Lemma. For isometries into a common output space,
do (71, 1) < |V1 = Vo
The same allowance holds after a common partial trace. CPTP pre- and postprocessing contract half-diamond
distance.
On fixed output spaces, recovery error and distance to the replacement-channel set are one-Lipschitz:

'/l/l) ~ Erec ’/1/2)|led<> (’/l/l,f/l/z),
|85u1(€1) — 85i(6y) |led,, (€3, €).

| Erec

Proof. For normalized vectors u, v,
di(Ju)ul, VD) = V1= KW < fu=vi.

Apply this to referenced isometric outputs, then use convexity and partial-trace contraction.

For each decoder, the triangle inequality changes its error by at most the channel comparison allowance. Taking
infima in both directions proves recovery stability. The same argument applies to distance from the
replacement-channel set.

par Non-claim. These are channel-distance facts; no dynamical estimate is claimed. par
Lemma. Puta d =1 — dN-2}. Then
inf _O(id, 7)) = ay.

sigmad

Every channel from C has recovery error at most a_d and leakage distance from replacement channels at most a_d

Proof. For any replacement state, the Bell-input output is I_Q/d ® o. Its overlap with the target Bell projector is
dN -2}, giving the lower bound a_d.

The uniform twirl over the dA2 Weyl unitaries is &_{I_C/d}. Their Bell outputs are mutually orthogonal. The
triangle inequality and that Bell input give the matching distance a_d.

A decoder which ignores its input and prepares I_C/d gives the recovery upper bound. For a channel @,
‘Dgfc/d = %(Ic/d)-
Postprocessing contraction gives the leakage upper bound.

par Non-claim. The constant a_d is a universal channel bound, not a physical error rate. par

Preservation, exact recovery, and response witnesses
Theorem. Let J: C — H_in be an isometry, let |Q) be a fixed normalized ancilla, and let U be unitary on the
complete input space. Then

Viy) = UUlY) ® 12))

is an isometry. Its complete channel has the CPTP left inverse
YY) =VYW+Tr (- WY, 1. =1Jd.
For every code-reference trace-class operator X,

l(ve Dx(v' e Dl = 1X],.
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Proof. The preparation and evolution compose to an isometry. Both terms of are completely positive; their traces
sum to Tr Y. The second term vanishes on the encoded range, and Z(VXVAT}) = X.

An isometric embedding preserves nonzero singular values, including after tensoring with a reference identity.
par Non-claim. Global restore recovers C from RB; it neither localizes the code in B nor deletes anything. par

The map ¥ returns C from RB. It neither deletes the code nor asserts that B alone carries a recoverable copy. This
is the restore structure in [CheungHawkO04A].

Theorem. For V: C — R ® B, the following are equivalent:
» one CPTP decoder on R exactly recovers the entire code;
* €= 7 {0} for one residual state o;
« for every code matrix unit E_ij = |i){j],
UEy) = 60

I
I(©)=3®0;
» for every bounded residual observable O,

VT(I r®O)V s ascalar multiple ofI .

Here
@) =52 0olile, (@) = (idg ® DY(D NP,
When these conditions hold, there exist a Hilbert space K, a state o_K, and an isometry A: C ® K — R such that
AMX) = AX ®@ g )AT,
An exact complete decoder is
G(Y) = Tri (A'YA) + Tr (I - AANY)te..
Proof. Linearity and expansion of the Bell projector give equivalence of (ii)—(iv). Duality gives
Tr(OUX)) = Tr (V' (I ® O)V X).

Thus (ii) implies (v). Conversely, in (v), evaluate at 7_C to identify the scalar as Tr (O €(t_C)). Since bounded
observables separate trace-class operators, ‘€X) = Tr (X) €(t_C), proving (ii).

Assume (ii), and diagonalize

0 =2 PelbXbels  Po> 0.

The support condition permits the expansion
V|l> = Z ‘;po( |ri0(>|bo(>'
o

Constancy on every matrix unit gives

(Tips Tia) = 6;0ap-
Consequently A(|i)|a)) = |r_{ia}) is an isometry, and 0_K = ¥ _{a} p_{a}|a){«a| gives . Formula is CPTP and
recovers every matrix unit.

Conversely, dilate an exact decoder by an isometry L: R — C ® G. Stinespring dilation is the standard channel
structure theorem [Watrous,KSW]. The map Z = (L ® I_B)V has

Zliy = i) ® ),

because the decoded marginal is pure. Exact recovery of E_ij forces (n_j, n_i) = 1. All n_i coincide. Tracing the
decoded register and G therefore gives (iii).



En04-A Under the Enter Philosophy—Readout, Enter

par Non-claim. No new correction theorem is claimed; this is the exact correction and no-hiding criterion in the
present conventions. par

These are the exact correction/no-hiding conditions [KnillLaflamme,BraunsteinPati] used in [CheungHawk04A].
The local proof additionally identifies the residual-observable test used below.

Corollary. If .#is constant, B exactly recovers the code. If @is constant, R exactly recovers it. Both
complementary outputs cannot independently recover the entire unknown code when d > 2.

Proof. Interchange R and B in Theorem . An exactly recoverable output has constant complement, which cannot
itself recover two distinct inputs.

par Non-claim. No statement about approximate or partial hiding is made. par
Lemma. For a finite input, §_full = 0 if and only if €is constant. If two code states satisfy
x = d,(‘€py), Apy)) > 0,
then
Opun = X/2.
If O = ONT} |0l <1, and
w=|Tr (Op, — P1)ls
then

6full > w/4.

Proof. For every replacement state, the triangle inequality gives

X < do(€py), 0) + dy(0, €py)) < 2d (€, T,).
Alsow <|€p_0 ~ p_1)I_1 = 2x.

If leakage is zero, choose o_n with d {O} €, 7 {o_n}) — 0. Evaluation at T_C gives 0_n — ‘¢1_C) in trace
norm. Replacement-channel distance equals the corresponding state distance, so € = 7_{ ‘€(1_C)}.

par Non-claim. A positive witness does not locate the whole code in B. par

Remark. A positive witness proves that the residual distinguishes some logical inputs. It does not prove
residual-only recovery of the entire code. Joint recovery is guaranteed by the complete isometry; local recovery
requires its own theorem.

Typed preparation, coherent programs, and Enter

The declared finite fragment
Types are

T::=1]Q|Bit|T®T,
with observable algebras
;= C, g = My(C), A = CaoC.
Classical registers are block diagonal. No conversion from a quantum register to a classical register is implicit.

A judgement P: T — TA'} consumes the entire input interface and returns its declared output interface. Sequential
and tensor composition require matching types. A live quantum name is not duplicated or silently omitted. This
follows the minimal ownership reading of [CheungEn0O3A], rather than an unprovided larger calculus.

The primitives are pure allocation, specified finite unitaries, destructive computational readout, classical blockwise
control, and classical discard:

new: I - Q, Enter : Q®° - Bit®, dropBit : Bit — 1.
A specified unitary constant is a semantic object, not an assertion of exact finite-gate compilation, efficiency, or
hardware realization.

For a measured subsystem S and surviving quantum subsystem T, write
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M, = (x|g®I;.
The destructive readout instrument is
0 _ -t
éS(.D) - Z |X><X|K ® Mxpr'
X
The measured names are consumed. For a pure input,

pe=IMYI' ¥ = MyNp, (b, >0).
No normalized residual is assigned to a zero-probability branch.

These are the destructive Born—Liiders residual formulas supplied by Landmark I within its stated strategy class
[Cheungl]. We define the instrument directly; we do not reconstruct a measurement-uniqueness theorem from
incomplete hypotheses.

Theorem. Every finite acyclic legal program denotes a CPTP hybrid-output channel and has path maps K_h
satisfying

YKIK, = 1.

h

Reported outcomes group the unnormalized branch maps X — K_hXK_h/{7}. The same statement holds with
arbitrary untouched references. Every branch terminates within the finite height of its instruction tree.

Proof. Allocation and unitary gates are isometric. Readout satisfies > x M_xA{1}M_x = I. Classical discard sums
blocks without conditional normalization.

Backward induction on the instruction tree proves completeness. Sequential composition composes the path maps;
coarse-graining adds their CP maps. Tensoring each path map with a reference identity proves the
complete-channel statement. A finite acyclic tree has finite maximum branch length.

par Non-claim. No compilation, efficiency, or hardware realization is asserted. par
This is the local version of the complete-history accounting in [CheungEn02B] and [CheungEn02C]. A selected

success branch is not substituted for a deterministic decoder.

Complete coherent body and local quantum return
After a carrier dictionary exists, the coherent body has type

Peoh:Qc » Qr®Qp
and form
a := new;?(C,a) := EncodeAndPrepare(C,a);?(R,B) := CoherentBody(C,a);?returnQ(R,B);
It contains no Enter.
A local decoder has type P_{%}: Q_R - Q_C’out. A finite CPTP decoder can be implemented semantically by
w := new;?(Cout,G) := DecoderUnitary(R,w);?y := Enter(G);?dropBit(y);?returnQ(Cout);
The Kraus isometry

Lly) = ;Djlwﬂi)c

has a finite unitary extension after allocation. Readout and discard of G give Y _j D_jXD_jAf}. The diary output
remains quantum.

Applying this decoder locally to the coherent output yields a joint program returning (Cout,B). The observer
controlling only Cout sees Z.4. A radiation marginal is therefore a declared access restriction, not a rule silently
deleting a live residual wire.

For non-power-of-two dimensions, all logical spaces are subspaces of padded qubit registers. Physical channels
are completed on invalid padded inputs, for example by fixed-state preparation. Such padding does not establish a
physical field-to-qubit receiver.
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Optional terminal observation
A prescribed terminal measurement may be appended after quantum return:

Cout := BasisUnitary(Cout);?x := Enter(Cout);?returnBit(x);
Its target is the measurement channel .4, not id_C. By contraction,
do(94idp) <e = do(MDN, M) < &
The converse for one chosen measurement fails: computational dephasing preserves its computational record but
not off-diagonal matrix units.

Enter is not a magic evaluator. A program may be mathematically analysed for nonstabilizerness, but the primitive
semantics of Enter is the instrument .

Stabilizer structure and why the proposed implication fails

The resource convention must be fixed

Fix a qubit tensor decomposition and its Pauli frame. A Clifford unitary normalizes the Pauli group. A pure
stabilizer state is a Clifford image of a computational basis state. The convex hull of such states is denoted STAB.
A state outside this convex hull has stabilizer magic in this declared convention [VeitchEtAl].

The classification concerns operations and prepared states, not a promise that every arbitrary diary input is a
stabilizer state. In particular, a Clifford program can process an unknown nonstabilizer diary.

Bosonic Gaussianity, fermionic Gaussianity, and qubit Cliffordness are not identified. An arbitrary qubit
dictionary can preserve channel recovery while changing the Pauli-frame description. A magic claim must
consequently fix its dictionary before evaluation.

Proposition. For
V = (Up® Up)V
with local output unitaries,

6full(V’) = 6full(V): EiC(V) = Eic(V)~
These unitaries may be non-Clifford.

Proof. The residual channel is ‘@\{'} = Ad_U_B €. Replacement states are carried bijectively to their conjugates,
and unitary channel distances are invariant. On radiation, a decoder may undo U_R, and conversely may prepend
it when comparing the two tasks.

par Non-claim. Output unitaries mixing R and B are not covered. par
An output unitary mixing R and B is not covered: it changes the accessible task.

Clifford leakage and non-Clifford nonresponse
Proposition. There is a Clifford coherent program with

_ R _1
6full = Erec T E
There is a non-Clifford coherent program with
— R
(Sfull = Erec T 0.

Proof. For the first example, allocate B in |0) and apply CNOT {C - B}, returning the original carrier as R. Then
Vcopyli> = |i>R|i>B’
and both marginals are computational dephasing

AAM=%@+AE)

The two residual basis outputs are orthogonal, giving §_full > 1/2. The replacement I_2/2 gives the matching
upper bound: for every referenced input the two diagonal reference blocks multiply output differences of trace
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norm one. Thus the half-diamond distance is at most 1/2.

The inputs |+) and |-) have identical radiation outputs. A decoder of error ¢ therefore satisfies 1 < 2e. The identity
decoder has error 1/2, proving the recovery formula.

For the second example, let
T=diag(Le™),  Viy) = T)x® [0}

The complement is 7 {kb 00}, and TN{ 1} recovers exactly. The gate is non-Clifford because TXTA{1} = (X +
Y)/V(2), which is not a Pauli. For input |+), the output has Bloch components (1/V(2), 1/V(2), 0), outside the
convex hull of the six Pauli eigenstates.

par Non-claim. The CNOT copies a basis label, not an unknown state; no cloning is claimed. par
The CNOT copies a basis label, not an arbitrary unknown quantum state. There is no violation of no-cloning.
The Choi state of V_copy is

1000) +[111)
_\7_2 b

a stabilizer state. Thus its recovery obstruction does not require magic in the encoding Choi state.
Even bipartite non-local magic need not cause response

To make “non-local" precise for the next counterexample, define a faithful pure-state indicator across a fixed
bipartition:

Dy %y)= min

substack U, Ug

It is zero exactly when the state is locally unitary-equivalent to a pure stabilizer state. We use it only as an
indicator: no monotonicity under arbitrary local operations is asserted. Related non-local magic constructions
distinguish removable local magic from magic in correlations [Ca02024,CaoEtAl2026].

Lemma. Every reduced density matrix of a pure qubit stabilizer state is proportional to a projector. Its nonzero
eigenvalues are equal, and its rank is a power of two.

Proof. For an n-qubit pure stabilizer state with stabilizer group ¥,
s{s|=27" ¥ P.
Pey

Tracing the complementary subsystem leaves only Paulis supported on the retained subsystem A:

pa=2"" 3% Py

Pyoe Iy

If % A has 2/y elements, its group average 2N —r}>_{P_A € ¥ A} P_A is a projector. Therefore p_A has flat
nonzero eigenvalues 2{r — n_A} and rank 2A{n_A - r}.

par Non-claim. Standard stabilizer structure; no priority is claimed. par
This standard stabilizer structure is also discussed in [FattalEtAl]; the needed statement is proved above.
Theorem. Let 0 < k < /4, and prepare the fixed syndrome
Xior,5 = COSK|00) + sink|11).

Define

VW) = (g, ® X dr,Bs R = R¢R;.
Then
€. = %K’ o, = diag (cos2 K, sin’ K),
so &_full = e_rec’R = 0.

Nevertheless,
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DL 06 > 0,
and the complete encoding Choi state has
R:B
DR (g ® V)@, > 0.
Proof. Tracing R_OR_1 gives the displayed replacement channel. Discarding R_1 and returning R_0 recovers the

code exactly.

The two nonzero eigenvalues of the B-reduction are unequal. Local unitaries preserve them, whereas a pure
stabilizer reduction must have a flat nonzero spectrum by Lemma . Thus no local unitaries convert y_{k} to a
stabilizer state. The local unitary groups are compact and the stabilizer set is finite, so the minimum distance is
strictly positive.

The Choi state is |®@_d)_QR_0 ® |x_{x})_R_1B. For the Choi magic statement, take a qubit code, or more
generally d = 2/k, with its fixed qubit structure. Across QR: B, its B-reduction has the same two unequal
eigenvalues. The same argument applies.

par Non-claim. D_NL is used as an indicator, not a monotone; the tripartite quantity of [CaoEtAl12026] is not
evaluated. par

For the two-qubit syndrome, the indicator can be evaluated:
. 2
: +
DRV B(x) = \/1 — max { cos’k, (cos i+ sinK)” 5 RLLY } )

Indeed, the largest overlap with a product state is cos”2 k, whereas the largest overlap with a maximally entangled
two-qubit state is (cos k + sin k)"2/2. These are the two possible Schmidt spectra of a two-qubit pure stabilizer
state. Both overlaps are strictly below one for 0 < k < /4.

This counterexample concerns bipartite non-local magic, including in a complete Choi state. It does not identify
that quantity with the specialized perturbative tripartite quantity of [CaoEtAl2026]. The fixed syndrome carries no
logical-input response.

Corollary. Under the generic prepared-carrier assumptions, neither
non-Clifford program = &;,; > 0
nor
positive bipartite non-local magic = &;,; > 0
is valid. Conversely, &_full > 0 does not imply magic.
Proof. Use Proposition and Theorem .

par Non-claim. Restricted resource theories with additional matter—geometry structure are not addressed. par

A genuine Clifford criterion and a responding deformation

Pauli compression for a Clifford encoder
Let C contain k logical qubits and let A contain m allocated ancilla qubits in |0Am). A Clifford unitary U gives

Vig) = U(9)cl0™)0),
with a declared output partition RB.
Theorem. For each Hermitian residual Pauli P_B, write
U'l@ P)U=sP.®P,, se{-1,1}.
The complete complement is constant if and only if every such Pauli satisfies one of:
* P_A has an X or Y factor, so (0OAmrvertP_A |0Am) = 0
*P.C=1IC.

Proof. Compression gives

10
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V(IR ® PRV = s(0"rvertP, [0") P,..
The ancilla expectation is zero when an X or Y factor is present, and otherwise is one with the phase carried by s.
Thus every compression is scalar precisely under the stated condition.

Residual Paulis form an operator basis. The criterion for all of them is therefore equivalent to the observable
criterion in Theorem .

par Non-claim. Cliffordness makes the test algebraic; it does not fix its answer. par

Cliffordness makes this test algebraic; it does not predetermine its answer. The CNOT copying example fails the
test because the residual Z compresses to logical Z.

A nonresponding Clifford baseline is
Voly) = [¥)gl0)p.
A less trivial baseline prepares a Bell syndrome on R_1B while keeping R_0 = C. Then B is fixed in I_2/2, even

though it is entangled with a radiation syndrome. Constancy does not require a product output or a pure residual.

An exact non-Clifford responding program
On one logical qubit and one allocated residual qubit, define

)4
R(20)=¢ 7,
Uy=kb00®I+kb11®R/(20), 0<6< g

Initialize B in |0) and return the first qubit as R. Then

Vil0) = [0)g[0)5, Vol1) = [Dglbgdp, by = cos 6[0) + sin 6[1).
The typed body is
b := new;?(R,B) := ControlledRy_theta(C,b);?returnQ(R,B);

It is a finite semantic program with a specified unitary constant. No exact compilation into a fixed finite gate
library is asserted.

Theorem. For,

'/I/o - A AC@) - pOO CpOl )’

CP1o P11

cos 6>

and
©5(p) = Pookb 00 + py|by)(byl.

The exact quantities are

boxed 6,,(6) = 0%, fl (g) = 120,

For 0 < 8 < /2, the unitary U_{8} is non-Clifford and its output on the stabilizer input |+)|0) has positive bipartite
non-local magic across R: B. At 6 = /2, the unitary is Clifford but the complement is still nonconstant.

Proof. Partial traces of the two columns in give the displayed channels. The residual pure states have overlap cos
0, hence trace distance sin 6. Lemma gives the lower bound &_full > sin 6/2.

Let
0y = (kb 00 + byXbyl).
Each basis output has distance sin 6/2 from o_{0}. For an arbitrary referenced input, the output difference is
l__iOXi ® (0; — 0p),

where the diagonal reference blocks X_i are positive and ' _i Tr X_i = 1. The trace norm is therefore at most sin 6.
This proves the matching half-diamond upper bound.

11
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The radiation channel has

_ 1+Cid+1_

A= 2 2

€Ad,.

The identity decoder has error (1 — ¢)/2, using an upper triangle bound and the orthogonal Bell outputs of I and Z.
For any decoder of error &, the ideal outputs of |+) and |—) have distance one, while their channel outputs have
distance c. Contraction and the triangle inequality give 1 < 2¢ + c. This proves the recovery formula.

For input |+), the complete output is

|0)0) + [1)|by)

—

Its radiation reduction has eigenvalues (1 + cos 6)/2 and (1 — cos 6)/2. For 0 < 0 < /2, these are nonzero and

unequal. Lemma shows that the state is not locally equivalent to a stabilizer state. In particular, U_{6} cannot be
Clifford, because it maps a stabilizer input to a nonstabilizer output.

At 0 = w2, R_y(n) = XZ, and

|Po) =

U,, = CNOTCZ,

U

where CZ acts first. This is Clifford. On the allocated |0) residual, its code isometry is the copying isometry of
Proposition .

par Non-claim. The formulas belong to this family; no exact gate synthesis of U_{6} is asserted. par

This is the properly completed " responding non-Clifford" fragment: a specified non-Clifford coupling and a direct
residual witness, rather than an inference from gate classification alone. The baseline 6 = 0 is nonresponding, and
the response is proved on the same code, preparation, and partition.

For small 0,
_0 3 R o _ 0 4
5full(9) - E + 0(9 ): ‘grec(e) - T + 0(0 )

The exact relation is

R 1-V1-46,

Erec = 2

This relation belongs to this family, not to arbitrary encodings.
Magic on |¥_{6}) vanishes at both endpoints, while leakage is zero only at the first endpoint. Thus even in this

entangling family, leakage is not a faithful magic measure.

A general sufficient response condition

Theorem. Let V_0: C — RB have constant complement, let K = KA{ 1} be bounded, and define
Vv, = e ™y,

Fix code states p_0, p_1, put X = p_0 — p_1, and choose a bounded Hermitian residual observable O with |O] < 1.
Suppose

m = Tr[O(=iTrg [K, VX V1) ] # 0.
Then
Sra(V;) = max { 0, ™A -k Y.

In particular, the complement is nonconstant for
0<p<m
4|K]|
Proof. The derivative of the conjugated trace-class operator is —i[K, V_0XV_0Af}]. The double commutator has
trace norm at most 4| K||A2|X|_1. Taylor's integral remainder is therefore bounded by 2A"2|K|/2||X||_1 < 4A2|K||"2.

The baseline residual image of X is zero by constancy. Hence

12
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[ Te (0€(X)| = [ml [A] - 41K
Apply . The assumption m # 0 entails |K] > 0.

par Non-claim. The witness is sufficient only; Theorem shows that it is not necessary. par

The relevant additional premise is a nonzero residual matrix element of the coupling. A label such as
“interacting,” ““non-Gaussian," or “"non-Clifford" is not that premise. A vanishing first-order witness also does not
rule out higher-order response.

Readout, forgetting, and the complete apparatus

The external residual program
For a finite encoded residual, the observer may explicitly add

Piogers : Qr® Qp — Qg
with body
x := Enter(B);?dropBit(x); ?returnQ(R);
This is an external operation, not a conclusion about autonomous evolution.

Theorem. For every joint state, including an external reference,

% (Xlg® Dp(X)p® 1) = Trgp.

Consequently,
p forgetBﬂy = '/K
with exactly the pre-existing radiation recovery error.

More generally, a trace-preserving local operation on B, with all its outputs ignored, leaves the untouched
reference and R unchanged.

Proof. Partial trace is the sum of the diagonal blocks in any orthonormal basis. For a general local channel, its
Heisenberg adjoint is unital. It therefore leaves every observable A ® I_B on the untouched factors unchanged.

par Non-claim. This is operational forgetting at this interface, not permanent physical deletion. par

Thus the phrase ““empty the bin" is only operational forgetting at this interface. It does not prove annihilation of
the physical residual or its apparatus.

For an infinite residual, partial trace remains well defined. The theorem does not provide a finite program that
measures infinitely many modes.

Proposition. For the instrument , define

Wreadll)u> = % |X>K|X>EMX|'1U>-

This is an isometry. Tracing E gives the observable destructive readout instrument. The complete output preserves
the input globally.

Proof. Completeness of the M_x gives W_read{1}W_read = I. Tracing the orthogonal E-labels removes
cross-outcome terms. Apply Theorem .

par Non-claim. The dilation models the apparatus; it is not a claim about a specific laboratory device. par
For a fully measured qubit,
al0y + b|1)longmapsto a|0)|0) g + b|1)x|1)g.
The phase is absent from each classical marginal but retained jointly. The carrier K in this coherent dilation is a
quantum system; its observable Bit interface arises after E is omitted.

This complete apparatus ledger is the distinction emphasized in [CheungHawk04B,CheungEmO03C]. Operational
discard may move a record carrier to an inaccessible environment in a unitary realization; it does not remove that
environment from the complete preservation claim.

13
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Theorem. If the only retained output of a complete process is classical, every subsequent deterministic
reconstruction of C has error at least

1-d"
The same bound holds for every measure-and-prepare channel followed by a decoder. Computational readout
followed by basis-state preparation attains it.
Proof. A finite classical-output channel has the form
Xlongmapsto) Tr (F,X)|x){x|.

A decoder prepares one state for each outcome, giving a measure-and-prepare channel. Its Bell-input output is
separable.

For a normalized product vector u ® v,

(D ue V)|’ < 1/d.
Convexity gives the same Bell-overlap upper bound for separable states. Testing the Bell projector gives error at
least 1 — 1/d.

Computational dephasing is
14-
Ag= d, ;
The d Bell outputs are orthogonal, yielding distance 1 — 1/d; the triangle inequality gives the matching upper
bound.

par Non-claim. Supplied quantum side information changes the hypothesis. par

The entanglement-breaking characterization is established in [HorodeckiShorRuskai]. The quantitative statement
is proved locally. A surviving quantum memory or supplied quantum side information changes the hypothesis.

Residual measurement outcomes supplied to the observer may assist quantum recovery. For example,

_ [9)l0)5 + Z|Y)al1)s
V]lll> - \7—2

has dephasing radiation. Measuring B gives a uniform bit x; applying Z"x to R recovers exactly. Dropping the bit
without using it leaves dephasing. The bit alone contains no diary. This is an access change, not a record-only
quantum decoder.

The four-Majorana control is not a magic certificate

The independently specified model
Take four Majoranas with

XX} = 26,1, S; = Yoj- 1Xops

and freeze

Hg=JI-S5,S,), A=
For0 < p <A < oo, let
b=L¥(pALdw),  (h() = of(@),
Hy=dl(hy),  f@)=7= H=H+H+gAe ().

The Hamiltonian is specified independently of Enter.

The field estimates

lathwl < lhs"fll Hp wll

14
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la" ¢l = lachul® + AP

give arbitrarily small relative bound of the interaction with respect to H_B. Since H_S and A are bounded,
Kato—Rellich gives self-adjointness on D(H_B) [Kato]. The finite cutoffs make the displayed norms finite.

Prepare the source in |11)_S and the bath in vacuum. Swap an even-parity two-mode diary into the source:
Oc > 00)s, D > [11)s.

The displaced carrier is the fixed state |11)_D. The logical source states s_0, s_1 have zero source energy and

coupling eigenvaluesa_0 = —1,a_1 = 1.

For a declared packet projection P_{1}, set
—iot

ni(t) = ga——f(w),

(0]

Nig = PN Niu= (I=P)n;
1 2 2
Cr = eXP[‘j"’)o,R_rh,R" ]’ ZR:\/l_CR-
Radiation is the collected bath; the source, carrier, and uncollected bath form the complete residual.
Theorem. The complete code vectors, up to a common phase, are
Viliy = |’7i,R>R ® |Si>S|11>D|r’i, -
They give
H(P) = Poolno, RXMo,rl + P11IM1, X1 RI»

and the exact formulas

R 3-z B 1-c 1 1+2c
boxed grec(t) = TR: grec(t) = p) R: 6full(t) = max {E’TR } .

In particular, €_rec”R > 1/2 and &_full > 1/2. The complete output is exactly reversible.

Proof. On source eigenvalue a_i, let q_i = ga_ih_BN —1}f. The Weyl identity gives

_g 11 4 2 211, -17242
Hy+ga,®(f) = 2q) ' Hg24q,) - g"a; | hg “fl I,
where 2/(q) = eMaNT}(q) — a(q)}. The vacuum therefore evolves to the coherent amplitude (e/{—ith_B} — I)q_i
= n_i(t). The phase is common for a_i = +1. Orthogonal packet decomposition factors the coherent state. Tracing
the orthogonal source labels gives the radiation channel.
Its two pure output states have trace distance z_R. Their optimal equal-prior discrimination probability is (1 +
Z_R)/2, obtained by the positive part of their difference. For any radiation decoder, its Bell overlap is

1+2z,
T

F, = 210/ %(0)|0) + (1

Yo D] <
The two diagonal decoder effects constitute a discrimination POVM. The Bell-projector test gives error at least (3
- z_R)/A4.

Bath parity interchanges the two states, so an optimal discrimination POVM can be symmetrized to have equal
conditional errors. Measurement followed by preparation of the inferred basis state gives

zpA; + (1 = 2R) T -
Its Pauli probabilities are

1+z, 1-1z4

Pi=Dbz= 4 Px=DPy~= 4

Orthogonal Pauli Bell outputs and the triangle inequality give half-diamond error 1 — p_I, proving the radiation
formula.

Define the isometry

15
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LJiy= |5i>s|11>D|’7i, -
Then

€ =LA (L.

Retracting the range of L_t gives the dephasing recovery error (I — c_R)/2, by the same upper bound and |+), |—)
lower bound used in Theorem .

Isometric embedding and CPTP retraction preserve leakage. For A_c, Pauli covariance and convexity show that
twirling any candidate replacement state to I_2/2 cannot increase its distance. Relative to that replacement, the
Pauli coefficients, in order I, Z, X, Y, are

1+2c¢ 1-2c 1 1

4 4 & %

The half-diamond norm is half the sum of their absolute values: a Bell input gives the lower bound and the triangle
inequality gives the upper bound. Hence

_3+2c+|1-2c| _ 1 1+2c
S = H G = max { 5,25 )

The complete columns are orthonormal, so global recovery follows from Theorem .
par Non-claim. Not a magic, scrambling, or gravitational certificate. par

The radiation obstruction is [CheungHawk04A]; the residual formulas are the refinements in [CheungHawk04B].
They are rederived here.

The baseline prevents a magic-origin inference
Atg =0, or att = 0, collected radiation is vacuum and c_R = 1. Therefore

3
=

R 3 B

€rec = Z’ Erec = 0’ 6full =

Residual non-constancy is already maximal for a qubit at the initial interface: the diary is retained in the
inaccessible source. Nonzero coupling is not the cause of that pre-existing non-constancy.

As collected coherent states become more distinguishable, the radiation error decreases and residual leakage can
decrease. Thus this control cannot establish that added non-Clifford resources force added leakage.

No fixed qubit Pauli dictionary for the entire bosonic dynamics has been declared, and no magic measure has been
evaluated for it. The control is commuting and uses no scrambling or out-of-time-order estimate. It is a recovery
obstruction, not a certificate of non-local magic or geometric response.

If all bath modes are accessible,
A p—
cg(t) = exp [—2g2j1L§(wt)dw].
u w

For a restricted packet space, a nonzero coupling need not produce nonzero collected displacement at every chosen
time.

The source energy remains zero, while

Ex0 = 075000, B0 = -y
U

This follows from coherent bath energy and total-energy conservation. It is dressing of an initially undressed
preparation, not a gravitational evaporation law.

Finite certificates and what they actually establish

Choi and complementary-channel comparisons
Lemma. For channels of input dimension d,

do(@, %) < min { 1, 917,(@) - 1,(®)], }
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Proof. A normalized pure referenced input has the form (L ® I)|®@_d), with Tr (LA{1}L) = d and |L|"2 < d.
Multiplying the normalized Choi difference on both sides by L bounds its trace norm by d times the Choi trace
norm. Convexity handles mixed inputs.

par Non-claim. A conversion inequality only. par

For finite complementary channels, the KSW information—disturbance theorem [KSW] implies, in the present
half-diamond convention,
Sl _ R

full
) < Erec < 2(sfull'

Indeed, in full-diamond normalization the recovery-to-leakage direction gives

inf | €~ 7|, < 2y/inf [ 24— id],
o 9

and the opposite direction gives the analogous bound with recovery and leakage exchanged. Division by two
yields . This is a channel conversion, not a magic theorem or a dynamical estimate.

Theorem. Suppose a finite prepared proxy is embedded access-preservingly in a common output space and
satisfies

N\
do(7,7) <b.
Then

R R

rec ~ €rec

N
S ~ Sgun| < b, € <b.

If a validated proxy pair witness gives
N N\ N\
x = dy(‘€p,), ‘Upy)),
then
N
Opa = max {0,x/2 — b}.

For a specified proxy replacement state, put

=15 %—IQ®3||
e_j n(’) 7 1.

Then
Ssn < min {a,, de + b},

and a finite proxy decoder has a full extension satisfying

d(2:/4;id;) < min {a, V2de + b}.
The last bound means that one may choose the better of the extended proxy decoder and the constant decoder.
Proof. Partial trace gives allowance b for both reduced channels. A local isometric embedding has a CPTP
retraction

Ylongmapsto J'YJ + Tr (I - JJHY)e.
Embedding and retracting decoders and replacement states preserve the tasks. Lemma therefore gives stability.

The pair-witness lower bound follows from Lemma and leakage stability. The Choi estimate gives proxy leakage
at most de. Equation supplies a finite decoder of error at most V(2de). Extend it off the proxy support by
fixed-state preparation. Contraction adds b. Lemma supplies the cap.

par Non-claim. Finite-channel certificates concern response and recovery, not magic. par

A specified decoder can instead be certified by its normalized logical Choi error r, giving allowance dr + b. CPTP
feasibility must be validated, including positivity and trace preservation on the entire finite input space. An
optimization objective alone is not such a certificate.

17
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Finite-channel certificates concern response and recovery. They do not certify magic unless a separate fixed-frame
resource calculation is supplied.

A finite-time microscopic allowance
For completeness, the regulator used by the source—scalar architecture can be stated independently of the magic
claims. Let the source be finite dimensional, let H_S be bounded, and let

H= HS + dF(hB) + %gaAa ® (D(fa)’

with self-adjoint bounded A_a, vacuum bath preparation, and uI < h_B < Al. Define

00

1
G=ZlgallAallfal:  Zn®) = ¥ %

t=m+1
Proposition. For finitely many declared packets, occupation cutoff m, frequency bins of width at most 4, and 0 <
t < T, one can construct a finite active proxy with

N\
do (¥, 1) < min { 1,22,2GT) + % .
The embedding preserves the accessible—inaccessible partition.

Proof. In interaction picture, on occupation at most k,
Vi) < 2GVk+ 1|y

An ¢-fold product starting from vacuum has norm at most (2G) €}V (£!). Ordered integration gives Dyson-term
bound (2Gt)\{€}/V(¢!), uniformly over code-reference inputs. These series converge also after multiplication by
any fixed occupation power; since h_B is bounded, termwise differentiation on prepared vectors identifies the
series with the self-adjoint evolution.

Compression to occupation at most m leaves all terms through order m unchanged. Higher terms in either series
obey the same bound, giving prepared-isometry difference at most 2Z_m(2GT).

Replace frequency by the midpoint of each bin. The one-particle operator difference has norm at most A/2; on
occupation at most m, its second quantization has norm at most mA/2. Duhamel's formula adds TmA/2.

The span of the bin-restricted form factors and packet functions is finite dimensional and invariant under the
midpoint operator. Modes orthogonal to it stay in vacuum. Its total-occupation cutoff is therefore a finite active
proxy. The total cutoff embeds in separate collected and uncollected cutoff Fock spaces; it is not equal to their full
tensor product. The source and displaced carrier remain in the residual.

Lemma converts prepared-isometry error to the complete-channel allowance.
par Non-claim. The infrared and ultraviolet cutoffs are not removed. par

This is the finite-time comparison discipline of [CheungHawk02E,CheungHawk04B]. It does not remove the
infrared or ultraviolet cutoffs. Separate finite qubit dictionaries preserve the channel task but do not construct a
local physical receiver or transport a magic classification automatically.

Compatible half-diamond preparation, collection, and implementation allowances telescope under CPTP
composition [CheungEn02B,CheungEn02C]. The flagged-cutoff equalities in [CheungEn02E] retain their
commuting-state hypotheses. A discarded probability is not a generic coherent-channel error.

What would be needed for a geometric interpretation

A declared geometric subsystem is additional data
Suppose a physical model identifies

B=G®E

and specifies a collection O_G of bounded Hermitian observables intended to represent geometric quantities.
Define

C;=Try €.
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This declaration is stronger than merely naming B "~ geometry."

Proposition. If some O_G € O_G, with |O|_G < 1, and some code states satisfy

Tr(Og€s(py —p1) # 0,
then the complete residual is nonconstant and exact whole-code recovery from R is impossible.
The converse is false.
Proof. Lift the observable to O_G ® I_FE and apply Lemma and Theorem .
For the converse, take

Vi) = |0)glvacygli)e.

The complete residual recovers the diary and is nonconstant, but ‘¢_G = _{|vac){vac|}. Every declared geometric
observable is input independent.
par Non-claim. No observable is identified as geometric by this proposition; Theorem gives the classification. par

This counterexample also shows why vanishing source energy next to an inaccessible diary memory does not
imply residual independence [CheungHawk02E]. Choose H_G|vac) = 0; its energy is always zero despite
complete residual response.

Entropic rigidity is not a universal geometry theorem
In finite dimension, the exact normal form gives

S(A(p)) = S(p) + S(og)
The additive syndrome entropy is independent of the logical input. This follows directly from tensor-product
entropy and isometric invariance.
Conversely, a selected entropy does not locate the code. For
Vgoodw = lrUR|0>B’ Vbadw = |0>RlIJB’
both radiation entropies vanish on every pure code input. Their radiation recovery errors are 0 and a_d. An
entropy identity alone is not the complete complementary-channel criterion.

Cao's area-operator result concerns stabilizer codes with the specified complementary operator-algebra structure,
not arbitrary Clifford channels [Ca02024]. The skewed-code analysis of Cao and collaborators relates leading
proto-area entropy corrections to a specially defined perturbative tripartite Choi magic under its subsystem and
perturbation assumptions [CaoEtA12026]. Neither statement equates generic complete residual non-constancy with
geometric backreaction.

The syndrome counterexample in Theorem has bipartite magic but no logical response. It therefore does not
contradict a theorem whose resource is a more restricted matter—geometry tripartite coupling. It demonstrates why
those restrictions matter.

The corrected conditional bridge

Corollary. Fix a physical code, complete preparation, unitary deformation, and access partition. Suppose:
» a residual subsystem or observable is justified as geometric by an independent same-model dictionary;

« the deformation has a nonzero response witness in that observable, such as the coefficient in Theorem ;

« any claimed magic resource is independently defined and certified in the same carrier convention. Then the
certified observable responds to the declared code inputs, the complete complement is nonconstant, and exact
whole-code radiation recovery is obstructed.

The magic certificate does not replace the response witness or the geometric dictionary.

Proof. The response witness and the dictionary identify the intended observable variation. Proposition gives
nonconstancy and the exact-recovery obstruction.

par Non-claim. No metric equation, stress—energy identification, backreaction law, or physical endpoint is
supplied; see Theorem for which hypothesis buys which conclusion. par
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A metric equation, stress—energy identification, backreaction law, and physical endpoint require further
same-model constructions. None is supplied by this corollary.

Likewise, a continuum claim about vacuum magic is not a finite carrier leakage theorem. For example, the
thermodynamic-limit magic analysis of [Moosa2026] concerns a different algebraic setting. Even if a particular
vacuum resource theorem is applicable, a bridge to this task still needs a preparation channel, a finite dictionary, a
complete residual, and a response estimate. No intrinsic-magic claim for a Lorentz-invariant vacuum is used as a
premise here.

Endpoint continuity and recurrence

Access-preserving limits
For time-dependent partitions R_tB_t, let

Jrie: R~ R, Jp: B, ~ By
be local isometries, and put
Vi=Ugr,®Jp )V,
These do not move an inaccessible diary factor into radiation.

Theorem. If V_t|i) — V_{oo}|i) on a code basis, then V_{oo} is an isometry and
a.= ”‘_/I_ V| = 0.
Complete and reduced channels converge in half-diamond distance with allowance a_t, and
|6¢ui(t) — Sgu(0)| < a.
Thus a proved limit &_full(t) — 0 gives exact endpoint recovery from radiation.

Proof. Finite-dimensionality of the code gives
— 2 — 2
IVe=Val < ZNVi= Vel = 0.

Inner products pass to the limit. Lemma gives channel convergence. Local embeddings preserve leakage by the
CPTP retraction used in Theorem . Zero endpoint leakage implies exact constancy by Lemma ; apply Theorem .

par Non-claim. No gravitational endpoint and no Page curve is constructed (Theorem ). par

This is the access-preserving endpoint interface in [CheungHawk04A,CheungHawk04B]. A unitary swapping R
and B changes the recovery task and is not an admissible local identification.

If the endpoint residual is fixed pure, endpoint radiation is an isometric encoding. A mixed fixed residual gives the
syndrome normal form. An infinite endpoint syndrome need not admit a finite decoder program.

Fixed finite proxies return
Proposition. For a fixed finite-dimensional autonomous Hamiltonian, there are arbitrarily late times at which its
prepared complete channel is arbitrarily close to its initial channel.

If initially accessible radiation is fixed vacuum and the complete prepared map is an isometry, then

limsup £§ec(t) = ayg, limsup &¢,,(¢) = ag.
t > oo

t - oo
These statements do not assert positive leakage at every time.

Proof. The finitely many spectral phases evolve in a compact torus. Simultaneous recurrence gives arbitrarily late
unitary returns to the identity; periodic cases use multiples of a period. Lemma gives prepared-channel returns.

At time zero, radiation is constant, so its recovery error is a_d. The complete isometry with pure fixed radiation
has an isometric residual encoding, whose leakage is a_d by Lemma and isometric invariance. Distance stability
gives both values along the recurrence sequence. The universal upper bounds in Lemma give the limsup equalities.

par Non-claim. Neither positive leakage at every time nor monotone leakage is asserted. par

This is the fixed-proxy obstruction of [CheungHawkO02E], refined using the complete-channel distances. It gives
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recurrent nonresponse failure when the initial task has that failure. It neither proves monotone leakage nor
identifies its origin as magic.

A finite acyclic program denoting U(t) terminates at each fixed ¢. That syntactic fact proves no asymptotic
endpoint, no permanent release, and no disappearance of B. A finite-time regulator must precede a controlled
outgoing limit.

Checkable criteria and typed refusals (new in v2)

This section adds eight theorems. Each is local to the finite carrier and is proved here. Cited sheets of the corpus
are source records. Citations identify source records only; no proof transfer. No quantum coefficient is admitted.
Throughout, V: C — R® B is an isometry, C ~ Cd, ‘¢ = Tr_R ¥, .4'= Tr_B ¥, and &_full, &_rec”R are and . A
declared geometric factor is a unitary identification B =~ G ® E together with a set O_G of bounded Hermitian
observables on G; its witnesses are the numbers

w(Og; po, 1) = Tr(Og €5(po — p1)), €= Trp €

The trivial readings are excluded: a scalar O_G or dim G = 1 has zero witness for every V and is not counted.

Residual response never forces a geometric factor
Theorem. Let V: C — R ® B have nonconstant complete complement.

* Criterion. For a declared factor B ~ G ® E and a bounded Hermitian O_G, all witnesses of O_G vanish if and
only if

ViIR®0,®I)VeRIL.
All witnesses of all observables on G vanish, that is % _G is constant, if and only if one CPTP decoder on R® E
recovers the entire code exactly.

* No forced factor. For every Hilbert space G with dim G > 2 and every unit vector g_0 € G, the carrier
G
V) =Viwy ®lg)e,  B°=B®G, E:=B,

has the same radiation channel . /4; the same ¢_rec/R, and &_full(VAG) = &§_full(V) > 0. Its complete complement
still responds, while €_G = & {|g_0){g_0|}: every Hermitian O_G, scalar or not, has zero witness.

* Exact scope on a fixed residual. Let dim B = n < oo,

* A nontrivial blind factor of Bitself (B~ G ® E, dim G > 2, €_G constant) exists if and only if some such
identification makes the code exactly recoverable from R ® E. None exists if n is prime, and none exists for
V_bad|y) = |0)_R|y)_B with n = d, for any d > 2.

eIf n>d + 1, there is a non-scalar Hermitian O on B whose witnesses all vanish. For n < d this can fail: for V_bad
only scalar observables have vanishing witnesses.

* Converse. If some declared O_G has a nonzero witness, exact whole-code recovery from R is impossible.

Proof. (a) By duality, w(O_G; p_0,p_1) = Tr (VNT}I_R® O_G ® I_E)V(p_0 — p_1)). Differences of states span
the traceless Hermitian operators on C, and a Hermitian operator that is orthogonal to all of them is a real multiple
of I_C. The second statement is Theorem , (i)<(ii), applied to the same isometry with accessible output R ® E and
residual G. No new recovery theorem is used.

(b) "\G(X) = UX) ® |g_0)g_0|. Tracing B and G gives -/4; so the recovery task on R is unchanged. The new
complement is €® |g_0){g_0|. The map Y+ Y ® |g_0){(g_0| is an isometric CPTP embedding with CPTP
retraction Tr_G, so replacement states, distances, and §_full are preserved, as in Theorem . Tracing E = B gives
@_G(X) = Tr (X)|g_0Xg_0|.

(c1) The first sentence restates (a) for B fixed. If n is prime, dim G € {1, n}; dim G = n forcesdim E = 1 and €_G
=~ ¢, which is nonconstant. For V_bad, € = id up to the identification, so for every B ~ G ® E with dim G > 2,
¢_G = Tr_E -Ad_W for a unitary W, which is surjective onto the states of G and not constant.

(c2) The compression I'(O) = VN THI_R ® O)V — dN —-1}Tr (VNTHI_R ® O)V)I_C is a real-linear map from the
n”2-dimensional space of Hermitian operators on B into the (dA2 — 1)-dimensional space of traceless Hermitian
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operators on C. Its kernel contains I_B and has dimension at least n2 — d’2 + 1, which is at least 2 exactly when
n > d. A kernel element that is not a multiple of I_B has zero witnesses by (a). For V_bad, I'(O) = O — dN—1}Tr
(O)I, whose kernel is RI.

(d) A nonzero witness makes VA{1}I_R ® O_G ® I_E)V non-scalar. Theorem , (v)=(i) fails. This is the first half
of Proposition .

par Non-claim. Theorem does not say that any factor is geometric, and it does not say that the plan's literal
sentence holds for a fixed residual: by (c), for V_bad or prime dim B no nontrivial blind factor of B exists. The
universal form (b) adjoins a fixed factor. Discard is not deletion: CheungHawk04B. En04-B's hosted thm:blind
CheungEn04B is not imported. par

Remark. The plan states that for every isometry with nonconstant complement there is a factorization B = G ® E
with nonempty O_G of vanishing witnesses. Read literally this is true only trivially (dim G = 1 or scalar
observables). With dim G > 2 and a non-scalar observable required, it holds after adjoining a fixed factor (b), on B
itself exactly under the recovery condition (c1), and for single non-scalar observables whenever dim B > d (c2). It
fails for V_bad and for prime dim B in the full-factor form.

The conditional bridge: which hypothesis buys which conclusion
Split the conclusion of Corollary into three typed parts:

(C1) the complete complement is nonconstant and exact whole-code radiation recovery is obstructed,;

(C2) adictionary-declared geometric observable responds to the declared code inputs;

(C3) that response is accompanied by an independently certified non-Clifford resource in the same carrier
convention. (C3) is the content of the original slogan; (C1) and (C2) are what Corollary prints.

Theorem. Let (i) be the same-model dictionary, (ii) the nonzero witness in the declared observable, and (iii) the
resource certificate of Corollary .

* A nonzero witness in any residual observable gives (C1); (i) and (ii) give (C2); (i), (ii), and (iii) give (C3).

* Drop (i). On the single carrier V_{0}AG = V_{0} ® |0)_G, 0 < 0 < /2, with V_{0} from , the residual witness Tr
(Z_E € _E(kb 00 — kb 11)) = 2sin”2 8 # 0 and the certificate (iii) (U_{6} non-Clifford, Theorem ) both hold. The

declaration "'E is geometric" gives (C2); the declaration G is geometric" gives not-(C2). Without (i), (C2) is not
determined.

* Drop (ii). With the declaration *"G is geometric" on the same carrier, (i) and (iii) hold, every witness on G
vanishes, and (C2) and (C3) fail while (C1) holds.

* Drop (iii). For the Clifford copier V_copyl|i) = |i)_R|i)_B with the declaration “*B is geometric", (i) and (ii) hold (
Tr (Z_B€kb 00 — kb 11)) = 2), so (C1) and (C2) hold, but (C3) fails: V_copy has a Clifford dilation and a
stabilizer Choi state.

Proof. (a) Lemma and Theorem give (C1) from any nonzero residual witness. (C2) is the conjunction of (i) and
(ii). (C3) adds (iii) by definition.

(b), (c) The residual columns of V_{60} are |0) and |b_{8}), so Tr (Z(kb 00 — |b_{0}){b_{0}|)) = 1 — cos 26 =
2sin/2 0. By Theorem (b), ‘¢_G is constant. Theorem certifies that U_{8} is non-Clifford for 0 < 8 < /2. The two
declarations are made on one and the same carrier, so the carrier, its witness on E, and its resource certificate
cannot select between them.

(d) V_copy = CNOT( - ® |0)). The residual columns are |0), |1). The Choi vector (|000) + |111))/V(2) is a stabilizer
state. By Lemma no non-Clifford resource is present in the declared frame.

par Non-claim. Theorem supplies no dictionary and no resource certificate. OpenAl Families 265, 272, 276, and
280 OAI265,0A1272,0A1276,0A1280 are not this dictionary and not this certificate. The two declarations in (b)
are hypothetical labels, not physical identifications. par

Remark. The plan asks that each of the three hypotheses of Corollary be necessary for its conclusion. For the
printed conclusion, (C1) and (C2), hypothesis (iii) is not used (the corollary itself says that the certificate replaces
neither the witness nor the dictionary), and (C1) needs only a residual witness. Each of (i), (ii), (iii) is necessary
for (C3). This is the form proved.
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Leakage is not a function of a declared magic label

The resource labels need a qubit frame. Let d = 2/k, and fix qubit frames on C, R, B; for other d a padding
convention as in Section must be declared first. A Clifford dilation of V is a Clifford unitary U with V|y) = U(|y)
® |0Am)).

Lemma. If Vhas a Clifford dilation, V maps every pure stabilizer input to a pure stabilizer output, and its
normalized Choi vector (I_Q ® V)|®_d) is a stabilizer state. Consequently, if V maps one stabilizer input to a
nonstabilizer vector, V has no Clifford dilation.

Proof. |s) ® |0Am) is a stabilizer state; Clifford unitaries normalize the Pauli group and so map stabilizer groups to
stabilizer groups. For the Choi vector, |®_d) is a stabilizer state and I_Q ® U is Clifford.

par Non-claim. Lemma is a one-way test; it is not a synthesis or compilation theorem. par
The three labels, made well defined for isometries:
* Clifford flag: CI(V) = 1 if V has a Clifford dilation, and 0 otherwise.

* T-count. A T-count belongs to a circuit, not to a channel: TA2 = S and TTA{ 1} = I give different counts for
Clifford isometries. Two well-defined versions are used: the declared count t(c) of a declared Clifford+T circuit c,
and the minimal count (V) € {0, 1, 2, ...} U {oo} over all exact Clifford+T circuits with |0) ancillas. Here 7(V) = 0
if and only if CI(V) = 1.

« Stabilizer-entropy bin: M_2(V) = —log_2 (2N —n}Y._P (W_VrvertP |¥_V)"4) for the normalized Choi vector ¥_V
on n qubits, read through a declared partition of [0, o) into intervals (bins). It is phase invariant and therefore a
function of V.

Theorem. Fix d = 2k > 2 and the output frames. Let the data be the code dimension, the output spaces and
frames, and one declared label from (L.1)—(L3). Then:

* Flag. Each fibre CI = 1 and CI = 0 contains carriers with §_full = 0 and §_full = 1/2.

* T-count. For every declared circuit count t > 0, and for each minimal count 7 € {0, 1}, the fibre contains carriers
with 6_full = 0 and §_full = 1/2.

» Stabilizer entropy. For every p > 0 there are carriers with M_2 = p exactly, the same output spaces, and §_full =
0 and &_full = 1/2. Hence every bin is such a fibre.

* Indicator error. On each of these fibres, every [0, 1]-valued report F of the indicator 1[5_full > 0] has
worst-case absolute error at least 1/2; the constant report 1/2 attains it. The same holds in expectation for
randomized {0, 1} reports. For §_full itself, the worst-case absolute error is at least 1/4.

Proof. Work with k = 1; for k > 1 pass the extra k — 1 logical qubits to R unchanged. That adds Bell pairs to the
Choi vector (M_2 is additive and zero on them), keeps (L 1) and (L.2), and does not change §_full: precomposition
with the partial trace is a contraction, and restriction to product inputs gives the reverse inequality.

For a phase gate P(a) = diag (1, eNia), set

1

Valt) = P@I)el0s, Vi = (P(@g ® Ig)Viepy.
Then ‘¢V_a”0) is constant and ‘¢(V_a") = A_Z, so 6_full = 0 and 6_full = 1/2 by Proposition .
(@) Cl=1:V_0Mand V_0N = V_copy. Cl = 0: V_T = V_{n/4}0 and V_{r/4}/1. On the stabilizer input |+) these
give T|+) ® |0) and (]00) + eNin/4}|11))/V(2), neither a stabilizer state (their Pauli spectra contain the values
+2N-1/2}); apply Lemma .

(b) Declared count t: the diagonal circuit D_t = ...TA{T}T with t alternating factors, followed or not by CNOT_{C
- B}. Diagonal gates commute with the CNOT control, so the two complements are constant and A_Z. Minimal
count: T = 0 is (a) with Cl = 1. For t = 1: V_{n/4}/\0 and V_{n/4}/1 each have a circuit with one T, and t > 1 by

(a).
(¢) For GHZ_n(a) = (|0M) + eNia|1/n))/~(2), the nonzero Pauli expectations are 1 on the 2A{n — 1} even Z-strings
and cos (a — jm/2) on the strings with X or Y on every qubit and j factors Y. Hence
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4 . 4
1+cos a+sin a
2 b

;(P)4 =2""'1+ cos* a + sin* a), M, = -log,

independently of n. The Choi vector of V_a’\0 is GHZ_2(a) ® |0), and that of V_a"1 is GHZ_3(a). So the two
carriers have equal M_2, which increases continuously from 0 at a = 0 to log_2 (4/3) at a = /4. Appending the
fixed state (T|+)){®j} to R in both adds exactly jlog_2 (4/3) to M_2 and leaves §_full unchanged, by the
embedding argument of Theorem (b) on the radiation side. The intervals [j, j + 1]log_2 (4/3) cover [0, ).

(d) This is the two-point fibre argument: if F is constant on a fibre containing indicator values 0 and 1, then max
{|F — 0|, |F — 1|} = 1/2. The same argument applied to the §_full values 0 and 1/2 gives 1/4.

par Non-claim. Theorem evaluates no magic monotone beyond the declared labels, asserts no lower bound on
minimal T-count above 1, and identifies no label with a geometric resource. Big01-A thm:fibre CheungBig01A is
the pattern and is not applied to a host. Big04-A-coeff thm:C-adaptive CheungBig04Acoeff is the parallel
statement for a different slot (a coefficient k); neither fills this one. par

Remark. PC-3: the labels need a qubit frame, so the theorem is stated for d = 2/k; other d require a declared
padding. PC-4: " T-count" is a circuit property; it is replaced by the declared count of a declared circuit or by the
minimal count 7. The plan's two points, the rotation family (0 < 6 < 7/2) and the local non-Clifford example, do lie
in the fibre CI = 0 with leakages sin 6/2 and 0; for the stabilizer-entropy label they need not share a bin, so the pair
V_aN0, V_aNl, with exactly equal M_2, is used.

The first-order witness is not necessary

Lemma. If d =2and ‘€p) = p_000_0 + p_110_1 for states o_0, o_1, then §_full = 1/2d_tr(c_0, o_1).

Proof. The lower bound is . For the upper bound, use @ = (o_0 + o_1)/2: a referenced input gives the difference
Y _iX_i® (o_i — @) with positive diagonal reference blocks X_i, > i Tr X_i = 1, whose trace norm is at most
d_tr(o_0, o_1). This is the argument of Theorem .

par Non-claim. Lemma is stated for qubit codes only. par

Theorem. Let R = R_OR_1 and B be qubits, V_0|y) = |¢)_R_0|0)_R_1|0)_B,
K=kbll, ®Xp ® X5  V,=e XV,

Then V_0 has constant complement, and for every code pair and every residual observable the first-order
coefficient m of Theorem vanishes; indeed d/(dA) €_{A}|_{A = 0}= 0 identically. Exactly,

@(p) = pookb 00 + p,,(cos® A kb 00 + sin® A kb 11),

(Vi) = 522

.2
boxed 8 (V;) = S04, :

2
So &_full > 0 for 0 < |A| < mt, with leading term AA2/2.
Proof. K2 =kb11®I®1I,s0eN—iAK} =kb00®I+ kb 11® (cosAI - isin A X ® X). Hence V_{A}|0) = |000)
and V_{A}|1) = cos A|100) — isin A|111). Tracing R_OR_1 gives the displayed € {A}: the coherence term carries
(0]1)_R_0 = 0. The first derivative at 0 is zero since cos”\2 and sin’2 have zero derivative there. Lemma gives
&_full = 1/2sin/2 A.

The radiation outputs are -4 {A}(p) = p_00|00)00| + p_11(cos"2 A|10)10| + sin2 A|11){11|) + cos
A(p_01]00){10| + h.c.). The decoder |00) > |0), |10), |11) > |1) (completed by a fixed state) yields A_{cos A},
whose error is (1 — cos A)/2 by Theorem . Conversely, the outputs of |+) have trace distance cos A, and the |+)
argument of Theorem gives 1 < 2¢e + cos A.

par Non-claim. The model is a finite qubit construction. It is not a continuum deformation, and the exponent 2 is a
property of this coupling, not a universal law. par

Proposition. In the setting of Theorem , suppose Tr_R [K, V_0XV_0NT}] = 0 for every traceless X. For a code
pair, X =p_0 — p_1, and |O] < 1, put

m, = Tr[O(-Trg [K, [K, VXV,
Then
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myA° 2
6g(V3) = max {0, % - §||K||3|7\|3}.

Proof. Let f(A) = Tr (O€¢_{A}(X)). Then f(0) = 0 by constancy, fA{'}(0) = 0 by hypothesis, and fA{"'}(0) = m_2.
Each derivative applies one commutator with K, of trace-norm cost 2| K]}, and |X|_1 < 2, so |fA{""}]| < 16||K|"3.

Taylor's theorem gives |f(A)| > |m_2|A72/2 — 8/3|K|"3|A|"3. Apply .

par Non-claim. For Theorem with O = Z_Band X = kb 00 — kb 11, m_2 = 4 and the leading coefficient 1/2 is

exact. No claim is made that every first-order-blind coupling responds at second order. par

Comparison with Theorem : both families have €_rec/AR = (1 — cos 0)/2 at the same parameter, but leakage is sin
0/2 there and sin/2 6/2 here. Thus &_rec”R does not determine &_full, and the relation £_rec R = 1/2(1 — V(1 -
46_full’2)) is family-specific, as stated after Theorem .

Same leakage, different resource; same resource, different leakage
Theorem. Letd = 2. Put

Vl = Vcopy’ VZ = (TR ® IB)Vcopy’ V3 = VT’
so V_2|iy = T|i)_R|i)_B and V_3|y) = T|y)_R|0)_B. Then V_1 is Clifford, V_2 and V_3 have no Clifford dilation,

and

Srn(V1) = Su(V>) = %, Sun(V3) = 0.

A variant with bipartite non-local magic in a fixed syndrome is V_2A{"}|i) = |i)_R_0|i)_B_0® |x_{x})_R_1B_1,0
< k < /4, with &_full(V_2M'}) = 1/2. No member of the rotation family is a valid V_2.

Proof. 6_full(V_2) = §_full(V_1) by Proposition , and §_full(V_1) = 1/2 by Proposition . V_2|+) = (|00) +
eNin/4}|11))/NV(2) is not a stabilizer state, so Lemma applies; V_3 is Proposition . For V_2A{'}, the complement is
A_7Z ® o_{k}. The replacement 1/2I ® o_{x} gives 1/2; tracing B_1 contracts to A_Z, giving 1/2 from below.
Non-local magic of x_{«k} is Theorem . For the rotation family, sin 6/2 = 1/2 forces 6 = /2, where U_{n/2} =
CNOT CZ is Clifford (Theorem ).

par Non-claim. The four-Majorana control (Theorem ) is a third convention: no Pauli dictionary is declared for it,
and its &_full = max {1/2, (1 + 2c_R)/4} is not a magic certificate for any of V_1, V_2, V_3. 0ai280-A's printed
channels CheungQai280A, W_good (6_full = 0, Clifford) and W_bad (6_full = 1 — d{—2}), are none of these
isometries. par

Remark. The plan's V_2 with §_full = 1/2 cannot be taken from the rotation family: §_full = 1/2 only at 6 = n/2,
which is Clifford. The value 1/2 is kept; V_2 is the T-dressed copier, and V_2/{'} is a non-local-magic variant.

The channel does not determine a heat ledger

A heat ledger for an implementation is a declared record of the reservoir registers, their initial and final states, and
the Hamiltonians against which heat is defined. Ledger registers are outside the carrier C — R ® B and are
code-independent.

Theorem. Fix an isometry V built from one allocated qubit Y in |0), as in Section . There are two finite
implementations with the same carrier isometry V, hence the same .4; €, §_full, and €_rec”R:

* Yis supplied in |0); ledger registers Res, P start in |00) and are left untouched;

« Y starts maximally mixed, purified by P, and is reset by a swap with Res prepared in |0) before V acts. The
reservoir record is unchanged in (I1) and changes in (I2), from kb 00 to I/2. Readout-and-drop of B returns ./4in
both and selects neither.

Proof. After the swap in (I2), Y is exactly kb 00 and uncorrelated with the code, so both implementations apply
the same U to the same input |) ® |0)_Y. The ledger registers end in |00) and in the maximally entangled ResP
state, respectively. Theorem gives the last sentence.

par Non-claim. No heat, work, or Landauer cost is computed. The reset bound of I-C-Th thm:reset, its thermal
balance thm:thermal, and its access obstruction thm:access CheungICTh are source records for what a ledger
would need, and En07-A prop:no-landauer-from-channel CheungEnQ7A is the parallel statement for channel
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notation. Landauer's paper is a documentary record, not a premise Landauer1961. par

Endpoint continuity is not a Page curve
Theorem. Let 6, k: [0, 1] — [0, 1/4] be continuous with 6(t) - 0 ast — 1. For

Viliy = Vool ® Xuw)r,5,

withR =R _0OR_1, B = B_0B_1, one has &_full(V_t\«}) = sin 8(t)/2 — 0 for every k, and Theorem applies at t = 1
. Yet:

* Archive. An append-only classical record of independent fair readouts, kept alongside, has H(R_n) = n bits,
strictly increasing; it never turns over.

« Entropy history. On the input |0), the radiation entropy is h_2(cos2 k(t)), with h_2 the binary entropy,
independently of 6; with k = 0 or k(t) = n/4sin nt the same leakage history carries different entropy histories. The
leakage history therefore does not determine whether an entropy history equals the finite Haar mean of Hawk05-B
thm:page or any other prescribed profile.

* Mouth metric and endpoint. The data are a finite family of isometries; no positive form g_k of Res01-C
thm:island/thm:haar and no metric or gravitational endpoint is among them or defined from them.

Proof. The syndrome is a fixed tensor factor at each t; by the embedding argument of Theorem (b) it does not
change §_full. Theorem gives sin 0(t)/2. (a) The chain rule gives H(R_{n + 1})) — H(R_n) = HX_{n+ 1} |R_n) =
1. (b) On input |0), the radiation state is kb 00_R_0 ® Tr_B_1 x_{k(t)}, of entropy h_2(cos’2 k(t)). (c) is a
statement about the type of the data.

par Non-claim. This theorem only separates functions. It proves no Page curve, island, metric, or endpoint. For
finite autonomous dynamics, Proposition already excludes §_full(t) — 0 from a vacuum start, so the family is
declared, not autonomous. I-C thm:B CheungIC, Hawk05-B thm:page CheungHawk05B, and Res01-C thm:island,
thm:haar, thm:recordgap CheungRes01C are source records. Res01-C's record mean exceeds its Page target at
every interior cut; that is its theorem, not this one. OpenAl Family 265 OAI265 is not this history. par

Residual Enter, then drop, returns the radiation channel
Let &_B be destructive computational readout of a finite B with outcome register K, as in , and put

Ni(X) = Y kb xxx @ Trg [(Iz ® kb xx) UX)].

Theorem.

» With the record retained, the access cutis R® K: .4 K: C - R® K, and €_rec” RK < €_rec/R, with strict
inequality possible (¢_recARK = 0 < 1/2 = €_rec/R for the dephasing example of Section ).

* Dropping the bit returns exactly Tr_K o' K = .

* The record alone does not restore the diary: X — Tr_R .4~ K(X) is classical-output, and every decoder from it has
half-diamond error at least 1 — 1/d.

« If the entire retained output is then classical, for example after a further readout of R, every decoder has
half-diamond error at least 1 — 1/d, and computational readout followed by basis preparation attains 1 — 1/d.
Proof. (a) A decoder on R composed with Tr_K is a decoder on RK. For the example, the outcome x and the
correction Z”x recover exactly; Section gives dephasing for R alone. (b) is Theorem . (c) and (d) are Theorem ,
which is the local form of I-C thm:A.

par Non-claim. The bound 1 — 1/d is the classical-record constant. It is distinct from a_d = 1 — d\{ -2} of Lemma
, which is the error of a constant channel, and from the 1 — 1/d"2 quantity of En04-B CheungEn04B. En04-B's
hosted shredder cut is not used; En04-B is not registered on the site. En09-B's sharp return 1 — 1/D is a clock

constant for unencoded CS reconstruction, CheungEn09B, and its thm:cDsharp is the robustness constant 2 — 2/D;
neither is this diary. I-C thm:A CheungIC and Hawk04-B thm:drop CheungHawk04B are source records. par

Conditional predictions (new in v3)
This section turns sixteen proposed " predictions," a five-layer observational programme, eight candidate
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phenomena, and a list of discovery criteria into conditional statements about the finite carrier. Each statement has
the form if a package supplies X, Y, Z, then Q, has a complete local proof and, where one exists, an explicit
witness. None is a cosmological prediction. Table maps each plan item to its result. Citations identify source
records only; no proof transfer. No quantum coefficient is admitted.

Declared data and the two-point minimax lemma
Definition. A declared package ¥ consists of a carrier V: C - R ® B as in Section , together with any of the
following, each named explicitly:

* a declared geometric factor B ~ G ® E and probe observables O_G (Section );
* a prescribed host datum h from a set #, fixed before the code input and the same for every code input;

* supplied functions: a real bounded profile 2 on a host region, a carrier dictionary ®: # — {isometriesC - R ®
B}, a sensitivity law F, a field dictionary, or a metric map, each given as data. ~~Supplied" means given; nothing in
this sheet derives it. No dynamics is constructed for a host, a field, or a metric. The symbol k denotes a coefficient
symbol only; no value is given. Write s(O) = A_max(O) — A_min(O) for the spread of a Hermitian O; always s(O)

< 2||0|.

Lemma. Let & be a set of packages on which every admissible estimator receives the same data (a fibre), and let
be a real target with a = inf {&} 1, b = sup_{&} 1. For every deterministic or randomized report Y,

sup Y -1(P)| =229,
PBeF

2

with equality for the report (a + b)/2 when b < co. If b — a = oo, the minimax error is infinite.

Proof. The data are identical on &, so Y has one law p on the whole fibre. For B, A"} € F, E_{u}|Y — 1(P)| +
E_{p}|Y = t(BN'P| = [1(*B) — (BN '})], so the larger term is at least half of it; take the supremum over pairs. The
midpoint report has error max {t — a, b — 1} < (b — a)/2.

par Non-claim. The lemma is a statement about estimators on a declared set of packages. It does not say which
packages nature realizes. Big01-A thm:fibre CheungBig01A and Big04-A-coeff thm:C-adaptive
CheungBig04Acoeff use the same pattern for other slots; neither is a premise here. par

Response, leakage, and the sharp constant (Predictions 14, 2)
Theorem. Let V: C — R ® B be a carrier, O a Hermitian observable on B (or on a declared factor G, applied to
€_G = Tr_E ), and p_0, p_1 code states.

* Bound.
[Tr (O @p, ~ po))| < s(0)d(Apy), Apy1)) < 25(0) 6y < 40| gy
Equivalently, with the normalized response y_O(V) = sup_{p_0, p_1} |Tr (O€p_1 — p_0))|/(2|0O]) for O # 0,

<50

<
Yo = ||O|| é‘full = 2é‘full'

* Sharpness. For the copier V_{r/2} of and O = Z_B, every inequality in and is an equality: the response is 2, s(O)
=2,d_tr=1,6_full = 1/2,y_O = 1. Hence 4 is the least constant ¢ with |A{O)| < c|O|é_full for all carriers, and 2
is the least constant in y_O < ¢ §_full.

* Attainment family. If d = 2 and €(p) = p_000_0 + p_110_1 with 0_0 # ¢_1 (Lemma ), the Helstrom observable
O_{*} =I_{+} — II_{-}, with II_{+} the spectral projectors of o_1 — o_0 for positive and nonpositive
eigenvalues, has [O_{*}| = 1 and y_{O_{*}} = 26_full.

* The plan's constant. The inequality |A(O)| < 2|O|&_full is false: the copier with O = Z_B gives 2 > 1. It becomes
true, and sharp, with O] replaced by s(O).

Proof. (a)PutA = ¥p_1) - Ap_0) =A_{+} — A_{-} with A_{+} > 0 of disjoint support. Since Tr A = 0, Tr
A{+}=TrA_{-}=d tr. Then Tr OA < A_maxTr A_{+} — A_minTr A_{ -} = s(O)d_tr, and the same bound holds
for —Tr OA. The second inequality is d_tr <2 d_{O}(€, 7 {a}) for every o, as in the proof of ; the third is s(O) <
2|0|. Dividing by 2||O| gives . (b) ‘€ _{n/2}(p) = p_00kb 00 + p_11kb 11; with p_j = kb jj, Tr ZA = -2, d_tr = 1,
and 6_full = 1/2 by Theorem . Equality in a chain of inequalities shows that no smaller constant works. (c) With
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p_j=kbjj, Tr O_{*}o_1-0_0)=|o_1-0_0|_1=2d_tr(c_0,0_1) = 46_full by Lemma , soy_{O_{*}} >
26_full; (a) gives the reverse inequality. (d) is (b).
par Non-claim. The bound concerns observables on the declared complete residual of a finite carrier. It is not a
bound on any cosmological probe, and a violation in a model only shows that one of the declared hypotheses
(completeness of B, the operator assigned to the probe, its normalization, finite dimension) fails there. par
Remark. PC-10: the plan's displayed 2|O_G||6_full undercounts by a factor of 2; the sharp forms are and . The
plan's y < 26_full is correct with y normalized by 2||O||, the convention of En04-B v2 CheungEn04Bv2. DC-1:
En04-A v2 does not state y; its nearest statement is the observable witness §_full > w/4 for |O| < 1, which is at |O|
=1.
Theorem. Suppose a package supplies a declared geometric factor B ~ G ® E, a probe observable O_G, and code
states p_0, p_1, and asserts a matter-dependent probe effect w: = Tr (O_G €_G(p_1 — p_0)) #0. Put A_O_G =
VNTHI_R® O_G ® I_E)V on C. Then:
*w =Tr (A_O_G(p_1 — p_0)); hence an effect exists for some pair if and only if A_O_G is not scalar;
* &_full > |wl/(2s(O_G)) = |w|/(4]|O_G|);
 @is not constant, so whole-code recovery from R is not exact (Theorems and ). Witness: for V_{60} of with G =
Band O_G = Z, w = —2sin”\2 0, nonzero for 0 < 0 < /2.
Proof. (a) Tr (O_G€ _G(p)) =Tr (I® O_G® DVpVNT}) =Tr(A_O_Gp).IfA_O_G=cl,w=cTr(p_1-p_0) =
0; if not, two eigenvectors with distinct eigenvalues give w # 0. (b) is . (c) &_full > 0 by (b), so ‘¢ is not constant
(Lemma ). The witness: (Z) is 1 on |0) and cos 260 on |b_{6}).
par Non-claim. The theorem states what a probe effect requires; it does not say that any physical observable is
represented by O_G, and it does not identify G with geometry (Theorem ). par
Theorem. Let B = E ® G be two qubits and V_corrl|j) = |j)_R|®_j)_EG with |®_0) = |ON+}), |D_1) = |ON - }).
Then:
* @ E = €_G = 7 {I/2}: both marginals are constant, so every local witness Tr ((O_E ® D‘€(")), Tr (I ®
O_G)¢(")) vanishes;
* @ EG(p) = p_00|DN + DN +}| + p_11|DPN - }){DPN —}| is not constant, §_full = 1/2, and _rec’ R = 1/2;
* the product observable X_E ® X_G has response 2 on p_j = kb jj, and

sup  sup|Tr((Og® Og)Hp; —py))| = 2,

I0&l, 1061 <1 po,p1
which is the sharp value 4|O|6_full of Theorem .

Proof. (a) Both Bell vectors have maximally mixed marginals, and the coherences p_01 carry (0|1)_R = 0. (b)
The two outputs are orthogonal pure states, so Lemma gives §_full = 1/2. The radiation channel is the complete
dephasing A_0, whose error is 1/2 by Theorem with cos 6 = 0. (¢) (X ® X)_{®N+}} = +1. For [O_E® O_G| < 1,
gives at most4 - 1/2 = 2.

par Non-claim. E and G are declared labels. The same carrier with E renamed ""auxiliary memory" has identical
channels, so a correlation witness alone does not show that a correlation is governed by a geometric law, and no
gravitational correlation is asserted. par

Sampling a prescribed profile (Predictions 4, 5)
Definition. A declared finite compression consists of a prescribed host region U with a measure, a supplied
bounded real profile & on U (the same for every code input), orthonormal f_0, f_1 € LA2(U), and the identification
G = span {|g_0), |g_1)} with

Or= X . {fo R} [9aXGsl, Kq = for Rl €= fo, RS-

a,b € {0,
The probe carrier is V_{n} of with 8 = n, B = G, and |b_{n}) = cos n|g_0) + sin n|g_1).

Theorem. If 2 = 9R_0 is constant almost everywhere on supp f_0 U supp f_1, then O_{ R} = Z_0I_G and every
carrier V: C — R® (G ® E) has zero O_{ }-witness for every pair of code states. More generally, O_{#} is
scalar if and only if k_0 = k_1 and c = 0. The blindness is specific to O_{R}: for V_{n/2}, §_full = 1/2 and the
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probe |g_1){(g_1| has response 1.

Proof. {f_a, R_0f_by = 9 _05_ab. A scalar compression has zero witness by Theorem (a). A Hermitian 2 x 2
matrix is scalar if and only if its diagonal entries agree and its off-diagonal entry vanishes. For V_{r/2}, ‘€kb 11)
= |g_1Xg_1| and ‘¢(kb 00) = |g_0)Xg_0|.

par Non-claim. ~Constant profile" means a constant supplied function on a prescribed host. No statement is made
about de Sitter space, about a physical scalar-curvature probe, or about which other observables a physical theory
would provide. par

Theorem. For the declared compression and V_{n}, with p_j = kb jj,

w =Tr (0, p, - py)) = (k, — Ky)sin’ n + sin 2n Rec.
« If f 0, f_1 have disjoint supports, then ¢ = 0 and w = (k_1 — k_0)sin2 n.
* &_full(V_{n}) = 1/2sin n, and |w| < s(O_{R})sin n = 2s(O_{R})S_full, as Theorem requires. For ¢ = 0,
Y_{O_{R}} = |k_1 — k_0|sin2 n/(2max {|k_0|, |[k_1|}).
» Sampling, not backreaction. The profile is the same function for both inputs, so the host-level difference 2N (1)}
— RN (0)} is identically zero, while w # 0 whenever k_1 # k_0, ¢ = 0, and sin n # 0. A backreaction statement
needs an input-dependent map p — Z_{p}; none is in the data.
Proof. €p_0) = |g_0)Xg_0| and €(p_1) = |b_{n}¥b_{n}|,sow = cos"2 nk_0 + sin"2 n k_1 + 2sin ncos nRe ¢ -
k_0, which is . (a) The integrand of ¢ vanishes. (b) Theorem gives §_full, and the bound. For ¢ = 0, O_{ R} = diag
(x_0, k_1) and the code response is Tr (Ap) with A = diag (k_0, k_0cos"2 n + k_1sin”2 n), whose spread is |k_1 —
k_0l|sin”2 n. (c) is a property of the declared data.
par Non-claim. k_a are compressions of a supplied function; they are not a curvature, a coupling, or the coefficient

K. The theorem does not say that inhomogeneous cosmological backgrounds can be probed, and it constructs no
host dynamics. par

Remark. PC-11: the plan's witness ~“oc (k_1 — k_0)sin”2 n" omits the cross term sin 2nRe c; it holds as stated
when ¢ = 0, for example for disjoint supports. En04-B v2 thm:leak-exact CheungEn04Bv2 writes the rod response
asy_O = |A_1 — A_0|sin (B_{—} + 0_{+}sin A/(Cmax {|A_0|, |A_1|}); at0_{-} =0,0_{+} =n,A_a = k_a thisis
the normalized form in Theorem (b). The unnormalized En04-A witness is . No step of the proof uses En04-B.

Fibres and minimax errors (Predictions 1, 6, 15, 7, 16, 3)
Theorem.

* Fixed declared geometry. Let V_{0}A\G = V_{6} ® |g_0)_G with residual B® G. For every 0 € [0, 7/2], € G =
7 {|g_0)g_0|} and the host datum are the same, while §_full(V_{0}/G) = 1/2sin 0 takes every value in [0, 1/2].
The minimax error for §_full from these data is 1/4.

* Fixed host datum, all carriers. Fix h € 4 and spaces with dim R, dim B > d. The set {§_full(V)} over isometries
V: C - R® Bisexactly [0, a_d], a_d = 1 — dN—2}; the minimax error for ¢_full from (h, dim R, dim B) is a_d/2.
The same fibre contains both € rec”R = 0 and €_rec’R = a_d.

* Fixed carrier, two hosts. For hosts h_1 # h_2 and any real host coordinate ¢, the packages (h_1, V), (h_2, V)
have identical channel data; any estimator of ¢ from channel data has minimax error at least |@p(h_1) — ¢(h_2)|/2.
* Conditional positive form. If a package supplies a carrier dictionary D, then h +— §_full(D(h)) is a function, and
the error in (b) is 0 on the image of .

Proof. (a) Tr_RB of V_{0}AGpVNGT} is |g_0){g_0|; adjoining a fixed pure factor does not change the leakage
(contraction in both directions, as in the proof of Theorem ); then Theorem and Lemma . (b) V_good|i) =
|iY_R|0)_B has constant complement (§_full = 0, €_recR = 0); V_bad|i) = |0)_R|i)_B has ¢ = id and ./}/'constant,
so ¢_full = a_d and €_rec R = a_d by Lemma , which also gives the upper bound a_d. Every isometry is
UV_good for a unitary U on R ® B, and the unitary group is path connected, so isometries form a connected set.
By Lemma, &_full is continuous in V; the intermediate value theorem gives every value in [0, a_d]. Lemma gives
a_d/2. (c) The host datum is not an argument of ‘¢ or ./#; apply Lemma . (d) is immediate.

par Non-claim. Hosts are labels in a declared set. The theorem does not say that two cosmologies share a leakage
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history, that a Hubble rate, curvature, or horizon area is unconstrained in nature, or that any carrier dictionary
exists. par

Remark. PC-15: the range [0, a_d] in (b) needs dim R, dim B > d; for smaller spaces the range is an interval [0,
m] with m < a_d, and the minimax error is m/2. Big01-A thm:fibre CheungBig01A is the same pattern for a
different host slot.

Theorem. On the family V_tA{k} of Theorem , fix the schedule 8(-). Then at every ¢ the leakage is 1/2sin 6(t) for
every schedule k(-), while the input-|0) radiation entropy h_2(cos”2 k(t)) takes every value in [0, 1] bit as k(t)
ranges over [0, i/4]. Hence any map from leakage histories to entropy histories has minimax error at least 1/2 bit
at every t. Likewise, a supplied host function H(*) adjoined to the package is unconstrained by the leakage history:
for H_1 # H_2 the error is at least sup_t |[H_1(t) — H_2(t)|/2. If a package supplies «(*), the entropy history is
fixed.

Proof. Theorem gives the leakage and the entropy formula; k — h_2(cos”2 k) is continuous and increases from 0
to 1 on [0, m/4]. Apply Lemma pointwise in ¢, and to H(t) as a host datum as in Theorem (c).

par Non-claim. H is a supplied function, not an expansion rate. No Page curve, cosmological entropy, or expansion
history is derived. par

Theorem. Let K C R be a range of a coefficient symbol k and suppose a package's admitted data have a law

P {k}.

« If P_{k} does not depend on k, every estimator has minimax error at least (sup K — inf K)/2, infinite for K = (0,
oo).

« If a package supplies a probe O_G, a code state p_{*}, and a sensitivity law Tr (O_G€_G(p_{*})) = F(x) with F
injective on K, then exact data determine k = FA{—1}(Tr (O_G€_G(p_{*}))). For example, F(x) = kw_0 with w_0
# 0 gives k = y/w_0 symbolically.

* The quantities §_full, &_rec”R, and every witness of this sheet are defined without k; the finite carriers here
supply no F.

Proof. (a) is Lemma . (b) is the definition of injectivity. (c) k does not occur in, , or in any declared carrier.

par Non-claim. No value of k is given and no sensitivity law is asserted. Big04-A-coeff thm:C-adaptive
CheungBig04Acoeff is the parallel statement for its coefficient slot and is not a premise. par

Theorem. Use the labels of Theorem (Clifford flag CI, minimal T-count 1, stabilizer entropy M_2 of the Choi
vector) and the response A(Z_B) = Tr (Z_B‘€(kb 11 - kb 00)).

* Equal label, zero and nonzero response: Theorem .

* Equal label, opposite response. V_cp = V_{n/2} and (I_R ® X_B)V_cp both have CI = 1,t=0,M_2 = 0, and
AZ_B) = -2 and +2.

* Equal response, different label. V_cp and (T_R ® I_B)V_cp have the same complementary channel, hence the

same response for every observable and every pair, while M_2 = 0 versus log_2 (4/3), Cl = 1 versus 0, and 7 = 0
versus 1.

* Consequently there is no function F with response = F(label), and no function with label = F(response); the
minimax error for M_2 from the complementary channel is at least 1/2log_2 (4/3).

Proof. (b) X_Bis a Pauli on the output; Clifford dilations compose, the Choi vector changes by a local Pauli, and
M_2 is invariant under local Paulis. ‘€(kb jj) = kb jj for V_cp and |1 — j){1 — j| after X_B. (c) A unitary on R does
not change Tr_R. The Choi vector of (T_R ® I)V_cp is (|000) + eNin/4}|111))/V(2); its nonzero Pauli expectations
are +1 on the 4 Z-strings and +2/{—1/2} on 8 strings with X or Y on all three qubits,so Y P(P)4 =4 +8-1/4 =
6 and M_2 = —log_2 (6/8) = log_2 (4/3). It is not a stabilizer state, so Cl = 0 by Lemma, t > 1, and the one T gate
gives T = 1. (d) follows, with Lemma for the last claim.

par Non-claim. The labels are declared finite resource labels; no statement relates magic to curvature, and no
functional 2/ or coupling « is proposed. par
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Records, echoes, clocks, and order (Predictions 8-11)
Theorem.

« If the retained output is entirely classical (a measure-and-prepare channel), every decoder has error at least 1 —
1/d (Theorem ), and computational readout attains it (Theorem ).

el -1/d<ad=1-dN-2}ford=>2; a_dis the error of an input-independent output (Lemma ), a different task.
* A classical record that in addition stores a declared host label h exactly still has recovery error 1 — 1/d when the
code readout is computational: parameter information does not lower the floor.

Proof. (a),(b) are the cited results and arithmetic. (c) The label register is in an input-independent state; appending
it is a channel and discarding it is a channel, so the recovery error is unchanged in both directions.

par Non-claim. The records are finite registers. No statement is made about CMB data, detector logs, or which
parameters an actual observation determines. par

Theorem. Let o € A C R be a declared host parameter and -4_{a}(p) = Tr (p) w_{a}.

* For every decoder %, F_e(%4_{a}) = 1/d"2 and d_{O}(YA_{a}, id) > a_d; the recovery error is exactly a_d.

* One use distinguishes a_1, a_2 with optimal success probability 1/2(1 + d_tr(w_{a_1}, w_{a_2})).

« If |S|| < 1 and s(a) = Tr (Sw_{a}) satisfies |s(a) — s(a{'})| = c|a — a{'}| on A with ¢ > 0, then d_tr(w_{a},
w_{aN'}}) = cla — aN'}|/2, s is injective on A, and for § € s(A) the estimator @ = sA{ —1}(3) satisfies |@ — a| < |§ —
s(a)|/c.

» Witness: w_{a} = [y_{a}y_{a}|, |v_{a}) = cos a|0) + sina|l), S = X, A = [0, w/8]: s = sin 2a, ¢ = V(2),
d_tr(w_{a}, o_{aN'}}) = |sin (a — aN'})|.

Proof. (a) YA {a} = T {D(w_{a})}, whose Choi state is I/d ® Y (w_{a}); its overlap with |®_d) is d{—2}.
Lemma gives the distance bound and the universal upper bound. (b) Helstrom. (c) |s(a) — s(a\{'})| < 2|S|d_tr.
Co-Lipschitz maps are injective, and |&@ — a| < |s(&) — s(a)|/c. (d) sN{'}(a) = 2cos 2a > V(2) on A; mean value
theorem; pure-state trace distance V(1 — [(y_{a}|w_{aN'}})|A2).

par Non-claim. « is a declared parameter and w_{«a} a declared state; no cosmological echo or geometry sensitivity
is asserted. par

Remark. PC-12: “*|Aa|lesssim |As|/c" holds exactly as (c), provided both values lie in the interval A where s is
co-Lipschitz; outside A it can fail (for S = Z, s = cos 2a is flat at 0). DC-3: the echo reading is En04-B and I-C
material, not an En04-A v2 theorem; it is proved here locally.

Theorem. Let V_K|j) = |j)_R|1t_j)_K with the clock K in the residual.

s Ap) = Y_jp_jjlt_j)¥t_j|. Ford = 2, §_full = 1/2V(1 — [{T_0|t_1)|"2): 1/2 for orthogonal clock states and 0 for a
neutral clock7 0 =1 1.

* For d orthogonal clock states, §_full =1 — 1/d.
*Ford =2, e_rec"R = 1/2(1 - |[(=_0|t_1)|); if K is retained quantum mechanically with R, recovery is exact.

* An orthogonal qubit clock has exactly the complementary channel of the copier V_{n/2}; no residual observable
distinguishes the clock from an environment copy.

Proof. (a) The coherences carry (jlk)_R = 0. Lemma with pure ¢_j gives the formula. (b) Up to the isometry |j)
|7_j) and its left inverse (both contractions), ¢ is the complete dephasing A_d. Lower bound: on |®@_d), A_d gives
1/dy._i |ii)ii|, which has weight 1 on P = Y _i |ii)ii|, while I/d ® o has weight 1/dy._i o_ii = 1/d. Upper bound:
with Weyl operators W_ab = XAaZ"b, 7 _{I/d} = dN -2}y, _{a, b} Ad_ W_aband A_d = dN-1}>_b Ad_{ZNb}, so
A d-T{l/d} = (@N-1} - dN-2})Y_bAd {Zb} —-dN -2} _{a #0, b} Ad_W_ab, whose half-diamond norm is
at most 1/2(d(dM -1} — dN=2}) + (d’2 — d)dN-2}) = 1 - 1/d. (c) -Mp) = ¥ _jk p_jk{t_k|t_j)kb jk, which is
A_{|(t_0|t_1)|} after a diagonal unitary on R; Theorem gives the error. With K retained, V_K itself is an isometry
into the accessible system. (d) Both complements are p — p_00kb 00 + p_11kb 11.

par Non-claim. K is a declared register. No relational-time model, physical clock, or gravitational information loss
is described. par

Remark. PC-13: leakage 1/2 needs orthogonal qubit clock states; the general values are (a) and (b). The plan's
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five options are placed as follows: an independent clock is 7_0 = t_1 (8_full = 0); an entangled clock is (a)—(b); a
destructively measured clock is Theorem ; a clock retained quantum mechanically is the exact case of (c); a clock
in the residual partition is the setting of (a).

Theorem. For the carrier V_{A} = eN{—iAK}V_0 of Theorem , the first derivative of @ _{A} at A = 0 vanishes, yet
Spn = 28in°A, e = 2(1-cosd),  Tr(Zz%(kb00 - kb11)) = 2sin*A,

rec

all even in A, with leading terms AA\2/2, AA2/4, 2AA2. Hence a vanishing first-order witness does not imply a
constant complement, and the order of the leading response is a property of the supplied coupling.

Proof. Theorem ; (Z_B) is 1 on input |0) and cos”2 A — sin2 A on input |1).

par Non-claim. The exponent concerns channel quantities of a finite carrier. No statement Ag ~ A2, AR ~ A/2, or
AH ~ A2 is made (PC-17). par

Layers, the constraint chain, and requirements (S 17, S 19)
Definition. For a package and code states p_0, p_1:

L0 (resource) the carrier has a nonzero declared resource label (Cl = 0 or M_2 > 0);

L1 (residual response) ¢(p_1) # €(p_0);

L2 (probe response) a declared O_G has w(O_G; p_0,p_1) # 0,

L3 (field response) a supplied field dictionary assigns states w_j of a supplied field algebra to p_j, and w_I1(D(f))
Z w_0(D(f)) for a smeared field O(f);

L4 (metric response) a supplied metric map assigns metrics g{(j)} on a host to p_j, and g (1)} # g\ (0)};

L5 (same-model law) a supplied law relates the 1.4 difference to independently defined 1.3 data, e.g. G[g/N(1)}]
- G[gM(0)}] = kK AT[w_0, w_1] with AT defined from the field algebra alone.

Propeosition. For each k€ {0, 1, 2, 3, 4} there is a package satisfying Lk and not L(k + 1): -1
*V.T=(T_R®I)V_good: M_2 = log_2 (4/3), 6_full = 0.

* V_cp ® |g_0)_G with declared G: ¢ nonconstant (6_full = 1/2), every O_G has zero witness.

* Supplied one-particle space ) > g_0, g_1 (orthonormal), Fock dictionary p_0 — a1} g_0)Q, p_1 — a’\{T}(cos
ng_0 + sinn g_1)Q, and declared probe N(g_1) = a\{1}(g_1)a(g_1) (the probe |g_1){g_1| of V_{n}): the probe
responds with sin/2 n, while w_j(®(f)) = 0 for every f and both j.

« Coherent dictionary p_0 + Q, p_1 — W(a)Q on a prescribed host with metric g_host: w_1(D(f)) = 2Re {f, a) #
w_0(D(f)) = 0 for some f, while gN (1)} = gN(0)} = g_host.

 Any supplied metric pair g/{(0)} # g/{(1)} and supplied operator G: for every symbol k # 0, AT {k}: =

(GIgM (1)} — G[gMN(0)}])/k satisfies the displayed relation, so the metric data select neither a law nor k; L5

requires AT to be supplied independently, and it is not. In the reverse direction, L2 implies L1 (Theorem ), while
L1 does not imply LO (the copier is Clifford with M_2 = 0).

Proof. (0) T_R does not change Tr_R, so is constant; the Choi vector is (|00) + eMin/4}|11))/V(2) up to a fixed
factor, with M_2 = log_2 (4/3) by the count in Theorem . (1) €_G = |g_0){g_0|; then Theorem (a). (2) @(f) = a(f)
+ a1 }(f) changes particle number by +1, so its expectation in a one-particle state is 0; and (N(g_1)) is |(g_1, )|"\2
of the one-particle vector. (3) a(fW(a)Q = {f, ))W(a)Q; take f = a. A prescribed host has an input-independent
metric by Definition (ii). (4) Algebra. The reverse statements are Theorem and Theorem (b).

par Non-claim. The field algebra, the dictionaries, and the metrics are supplied data on prescribed hosts; no
dynamics, Einstein equation, or backreaction is constructed. Layer L3 is defined by one-point data; second
moments of @(f) do differ in example (2) (PC-14). par

Definition. A cosmological reading of this sheet would need: R1 a physical spacetime; R2 a defined matter
Hilbert space; R3 a complete preparation map; R4 a field-to-carrier map; R5 a declared access partition; R6 a
geometric observable algebra; R7 a dynamical matter—geometry coupling; R8 a derived metric response; R9 a
controlled approximation or continuum limit; R10 a prediction distinguishable from standard cosmology. This
sheet supplies R2, R3, R5, and R6 only as declared finite data (C, V, R: B, O_G); it supplies none of R1, R4, R7,
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R8, R9, R10.
Theorem. In the chain
resource =» leakage = ?probe response
= field response? = metric backreaction (L4 and L5),
each arrow fails on the corresponding example of Proposition , and holds once the following law is added:

* resource — leakage: a coupling witness, i.e. a nonscalar compression VA }(I ® O)V for some residual O
(Theorem (a)); the resource label does not enter;

* leakage — probe: a declared factor G and O_G with nonscalar A_O_G;
* probe — field: a supplied field dictionary under which w_j(®(f)) = Tr (O_G€_G(p_j)) for some f;

« field — metric: a supplied input-dependent metric map g[p] = G(w_{p}(D(:))) with ® injective; and for L5 a
supplied same-model law with AT defined independently and a fixed k. None of these laws is supplied in this sheet
(Definition ).

Proof. Failure: Proposition . Sufficiency: (i) a nonscalar compression gives a nonzero witness and so §_full > 0 by
Theorem ; (ii) the same; (iii) the field difference equals the probe difference; (iv) injectivity of & turns different
one-point data into different metrics, and L5 is then a checkable identity rather than a definition of AT.

par Non-claim. The added laws are listed, not proposed. The chain is a structure of constraints on declared
packages, not a cosmological prediction; any observational content is not derived. par

Candidate phenomena (S 18): conjectures and finite analogues

Conjecture. The following are labelled conjectures in the plan's sense; this sheet does not prove or support them
as cosmology. (A) correlation-only matter—geometry response; (B) quadratic backreaction AR, AH o« AA2; (C)
leakage without metric change; (D) recovery transitions at fixed geometry; (E) constant-curvature blindness of
scalar probes; (F) clock-induced apparent information loss; (G) distinct Page-like curves with one leakage curve;
(H) nonlocal first signatures.

Proposition. Each item has a finite analogue on declared packages:

A, H V_corr: local witnesses zero, the joint X_E ® X_G witness 2 (Theorem );
B &_full = 1/2sin”2 A with vanishing first derivative (Theorem );

C V_cp on a prescribed host: §_full = 1/2, host metric unchanged by definition;

D V|j) = j)_R|j)_B_1|g_0)_G: with G and the host fixed, £_rec R = 1/2 and &_rec"RB_1 = 0 when B_1 joins the
access;

E Theorem ;
F Theorem (d);
G Theorem and Theorem .

Proof. D: with access R, - #is the complete dephasing, error 1/2 (Theorem , cos 8 = 0); with access RB_1, the
remaining complement is |g_0){g_0|, constant, so recovery is exact (Theorem ). C: Theorem and Definition (ii).
The other items are the cited results.

par Non-claim. Each analogue is a finite channel statement. The conjectures keep their status; their cosmological
reading is not claimed, supported, or tested here. par

Completed program and destination ledger
toprule Declared program or condition Proved channel statement What is not inferred

midrule endfirsthead toprule Declared program or condition Proved channel statement What is not inferred
midrule endhead bottomrule endfoot

Identity or tested Clifford baseline Complete complement constant; quantum radiation return is exact. No
geometric model follows from Cliffordness.

Clifford CNOT copying body &_full = e_rec/R = 1/2; logical basis information enters B. Magic is not necessary
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for residual response.

Local non-Clifford logical body Complement constant; inverse logical unitary recovers exactly. A non-Clifford
gate does not force leakage.

Fixed non-local magical syndrome Complement fixed mixed; logical register remains exactly recoverable.
Bipartite non-local magic is not sufficient for response.

Controlled-R_y body &_full = sin 6/2; ¢_recR = (1 — cos 0)/2. The formulas are model-specific, not universal
magic laws.

Four-Majorana control €_rec’R = (3 — z_R)/4 > 1/2; complete output reversible. No scrambling, magic, or
gravitational certificate.

Local quantum decoder Returns the code register; work is explicitly consumed. Enter on the diary is not the
decoder.

Residual Enter with record supplied Access becomes RK; outcome-assisted correction may help. Bits alone do not
replace an unknown diary.

Residual Enter then dropBit Observable channel is exactly .4 No permanent physical deletion or additional
radiation erasure.

Constant radiation Complete residual alone exactly recovers the code. Global preservation alone does not imply
this localization.

Nonconstant complete residual Some logical information is distinguished by B. Residual-only recovery of the
whole code need not hold.

Constant endpoint complete residual Exact endpoint radiation recovery, with access-preserving outputs. No
gravitational endpoint without a physical construction.

New in version 2

Declared factor B ~ G ® E Blind G iff exact recovery from RE; adjoined factor always blind (Thm. ). Response
never forces a geometric factor.

Bridge hypotheses (i)—(iii) (ii) gives (C1); (i)+(ii) give (C2); all three give (C3) (Thm. ). The certificate is idle for
the printed conclusion.

One magic label Each fibre contains 6_full = 0 and &_full = 1/2; indicator error 1/2 (Thm. ). No label selects
leakage.

First-order-blind coupling &_full = 1/2sin’2 A, e_rec’R = 1/2(1 — cos A) (Thm. ). A zero commutator witness does
not certify nonresponse.

Resource pairs 6_full(V_1) = §_full(V_2) = 1/2, 6_full(V_3) = 0 (Thm. ). Leakage is not a resource measure.
Two implementations, one channel Different reservoir records (Thm. ). No heat is computed.
Leakage history — 0 Entropy and record histories not fixed (Thm. ). No Page curve, mouth metric, or endpoint.

Residual Enter, record kept or dropped Cut RK; drop gives ./#; classical-only error > 1 — 1/d (Thm. ). Not the
shredder cut; not a clock constant.

toprule Plan step Completed or corrected deliverable

midrule 1 Finite prepared-carrier interface and reference-preserving destructive Born instrument. No field
preparation is derived from typing.

2 Global restore and exact constant-complement criterion. A Clifford baseline requires the Pauli test, not its label.

3 The unconditional magic implication is disproved. A non-Clifford responding family and a general response
witness are constructed instead.

4 Joint preservation, residual-only localization, observation, and operational forgetting are separated. No deletion
theorem is claimed.

5 Access-preserving endpoint continuity and arbitrarily late finite-proxy returns are proved without promoting
termination to evaporation.
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6 OpenAl and XIV/XV/XVI comparisons remain documentary separations; they supply no recovery, magic,
geometry, or admission premise.

v2 Eight criteria and typed refusals (Section ); verdicts in Appendix .

v3 Conditional predictions, layers, constraint chain, and conjectures with finite analogues (Section ); verdicts in
Appendix .

bottomrule

Conclusion

The generic implication from non-Clifford or bipartite non-local magic to a nonconstant complete residual is false.
The converse implication is false as well. The exact invariant governing whole-code radiation recovery is
constancy of the complete complementary channel.

A specified non-Clifford deformation can produce residual response: the controlled-rotation construction proves
this with exact distances, and the first-order observable theorem supplies a general sufficient condition. The
coupling witness, not the resource label alone, establishes the conclusion.

Residual response is not geometric backreaction. Version 2 makes this a criterion (Theorems and ). A geometric
interpretation needs a justified subsystem or observable dictionary, a matter-input identification, and same-model
physical dynamics. The supplied plan cannot replace these hypotheses by terminology.

Enter remains destructive readout after a finite carrier exists. It is not unitary evolution, quantum decoding, or
physical deletion. Complete unitary apparatus outputs retain the information omitted from the observer's classical
interface.

The completed mathematical release consists of the local channel theorems, the Clifford test, the magic
counterexamples, the responding family, the quantitative witness, the control accounting, and the endpoint and
recurrence distinctions. No physical field-to-memory receiver, metric response law, gravitational endpoint, or
admitted analytic quantum coefficient is established.

Version 2 turns the corrections into tests. A proposal fails if it names a factor “~geometric" without a dictionary
(Theorem ), omits any one of the three bridge lines (Theorem ), infers leakage from a magic label (Theorem ),
reads a zero commutator witness as nonresponse (Theorem ), reads leakage as a resource measure (Theorem ), or
takes a heat ledger, a Page history, or a diary restoration from channel data alone (Theorems, , ).

Version 3 reads the proposed cosmological predictions as conditional statements. What survives is a structure of
constraints with sharp constants: a probe response is bounded by 4(O|/§_full (Theorem ); it requires a nonscalar
compression (Theorem ); it can be correlation-only (Theorem ); it samples a prescribed profile without
backreaction (Theorem ); and every step from resource to metric law needs a law that is not supplied here
(Theorem ).

Declarations

Verification. The source supplies analytical arguments. The finite numerical checks of Appendix are sanity
checks of stated formulas, not proofs. No proof-assistant verification, independent technical review, or journal
acceptance is asserted.

Authorship and source accessibility. The title page names Ngo Cheung; authorship requires confirmation. The
responsible author should confirm archival accessibility of the unpublished comparisons before submission.
Missing publication metadata and persistent identifiers are not invented.

Originality and scope. Exact correction, no-hiding, Stinespring dilation, stabilizer structure, and
information—disturbance are established theories. The present manuscript does not claim priority for them. Its
explicit comparisons do not identify different models, resource conventions, or geometric observables.

appendix

Documentary analytic boundaries
The supplied analytic excerpts concern a different distributional characteristic-composition problem. Their
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kernels, carrier, signs, cutoffs, and observable are not identified with C, R, B, V, or U_{6}.

The supplied XIV-H release stops at its H2 transition-amplitude requirement. XIV-I constructs its named internal
amplitude module at 12 but does not construct the complete joint characteristic map at 13
[CheungXIVH,CheungXIVI]. XIV-J supplies reconstruction descent and an off-characteristic reference for K_6 +
K_8 + K_9, not the full six-branch map on tests meeting the characteristic locus [CheungXIVJ].

The necessary algebraic descent condition can be proved independently.

Lemma. Let Rec: P — K be a surjective linear map. A linear candidate M: P — D factors uniquely through K if
and only if

~No
kerRec C ker M.

Proof. Necessity follows from factorization. Conversely, define M(Rec p) = M(p). Presentations of the same
reconstruction differ by a null presentation, so this is well defined and unique.

par Non-claim. It does not construct a characteristic product. par

This interface is the one recorded in [CheungXIVJ]. It does not construct a characteristic product. The identity
qSMN'Hq) = —6(q) likewise shows that presentation degree need not descend to an intrinsic symbol. It does not
invalidate an already proved internal reconstruction.

The remaining documentary chain is

full joint characteristic map
— joint section and controlled remainder
- uniform transverse estimates
— contact compatibility
— complete output wavefront theorem
— admission of the required coefficient.

No arrow is supplied by finite typing, Enter, a resource label, or a residual witness.

Under the supplied contract, the admission-dependent exit would require the unasserted membership
QR € &,

These symbols identify that separate documentary problem; they are not objects constructed here. XV-B contains
abstract lifting and extension interfaces but does not admit the inherited coefficient [CheungXVB]. Thus its
admission-dependent exit is not opened by En04-A.

The supplied XVI-N obstruction is conditional on its specified massless instance and route hypotheses
[Cheung X VIN]. It neither constructs the missing characteristic map nor discharges a universal analytic
completion. The corresponding broader obligations are not discharged here.

The analytic continuation is not the parallel relative-classical XIV-A—XIV-B branch. XIII-E's alternative route is
not imported. Later continuation or patch labels do not constitute completed maps. These statements report the
supplied scope, not universal nonexistence theorems.

In the supplied terminology, O.1 remains NOT_CLOSED. This is a documentary status label, not a new
mathematical object closed by the present channel proofs.

OpenAl catalogue: separation, not premise

The supplied companion record attributes the following family descriptions to OpenAl [SuppliedCatalogue]. Their
proofs, attribution, and publication status are not independently verified here. No family is a premise or an
evaluation of U_{6}, the four-Majorana control, or a gravitational model.

toprule Family Supplied topic Refused transfer

midrule 227 Sherrington—Kirkpatrick mixing, dynamical transitions, and critical autocorrelations No quantum
scrambling, OTOC evaluation, or four-Majorana recovery certificate.

279 Exact quantum factoring over a fixed finite gate set No compilation or complexity theorem for the admitted
unitary constants.
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274 Moore's parity conjecture for QACAO No limitation on this differently specified typed fragment and no
residual-response evaluation.

276 Classical capacity of qubit generalized amplitude-damping channels No complete-complement decoder and
no substitute for exact whole-code correction.

265 A two-dimensional area law from a global spectral gap OAI265 Not the leakage history of Theorem ; no
geometric dictionary.

272 Entanglement with zero distillable secret key in local dimension ten OAI272 Not the dictionary or resource
certificate of Corollary .

280 Strongly rational unitary vertex operator algebras and conformal nets OAI280 Not a certificate; Oai280-A's
channels are not V_1, V_2, V_3 of Theorem .

bottomrule

In particular, ““Family 227 by OpenAl" is not an estimate used in the exact control proof, and ~“Family 279 by
OpenAl" does not justify exact synthesis of a controlled continuous-angle rotation. OpenAl catalogue entries
remain documentary separations. O.1 stays NOT_CLOSED; no quantum coefficient is admitted; XV-B's
admission exit is not opened; and the separate XVI-N obligations are not discharged.

A submission package for a future physical bridge
A positive same-model magic-to-geometric-response claim should archive at least:

» the physical code and complete preparation or purification;

» the field-to-carrier interface and approximation topology;

« the frozen Pauli or other resource convention;

* the complete coherent evolution and access partition;

» the precise magic quantity, free operations, and validated resource certificate;
« the full logical matrix-unit channels, not only populations;

» a residual response witness and its error allowance;

+ independently justified geometric observables and matter labels;

* the same-model dynamical or constitutive comparison connecting those observables to geometry;
* a complete quantum decoder or a proved recovery obstruction;

* separate quantum-return and classical-observation programs;

» all syndrome, failure, work, measurement, and discard outputs;

* compatible regulator and implementation allowances;

* a justified common time interval or access-preserving endpoint.

A vacuum magic claim, a non-Clifford gate count, a selected entropy, a classical record, or a finite-program
termination theorem does not replace this package.

Version crosswalk, vl to v2
Parent: En04-A as served by the companion site, sha256 91ebd6ca004f0593 6ecc1c17874007d5

8290c9c3425ec3b4 eddOec3ed624c2e?; it carries no version marker and is treated as version 1. No v1 label is
removed or renamed, and no v1 statement is changed.

toprule v1 item v2 status

midrule Sections 1-9, all labelled results Kept; a non-claim line added after each result.
thm:linearresponse Kept; its non-necessity is now Theorem .

prop:geometrywitness, cor:bridge Kept; classified by Theorems and .
cor:noimplication, prop:independence Kept; quantified by Theorems and .

thm:endpoint, prop:recurrence Kept; separated from Page and record histories by Theorem .
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thm:drop, thm:classical Kept; combined in Theorem .
Unlabelled reconstruction-descent lemma (App. ) Label lem:descent added; statement unchanged.
v1 Section 12 (ledger), Section 13 (conclusion) Now Sections and ; v2 rows and paragraph added.

New Section : thm:factor, thm:bridge-sharp, lem:cliffdil, thm:magic-fibre, lem:cq, thm:second-order,
prop:secondorder, thm:pairs, thm:heat, thm:not-page, thm:drop-exact; Appendices —.

Typesetting textbackslash mathscr now loads mathrsfs; two display blocks ending in textbackslash end{gathered}
now close with textbackslash ]; the abstract is shortened; the OpenAl table adds Families 265, 272, 280.

bottomrule

Plan verdicts and plan corrections
Verdicts on the eight theorems of the plan: held (proved as stated, possibly with scope made explicit), corrected (a
nontrivial or true form is proved instead), or rejected. None is rejected.

toprule Theorem Verdict Proved form

midrule thm:factor corrected (PC-1) Criterion; adjoined factor always blind; on fixed B iff exact recovery from RE
; fails for V_bad and prime dim B; single null observable whenever dim B > d.

thm:bridge-sharp corrected (PC-2) Each hypothesis necessary for (C3); (iii) idle for the printed conclusion
(C1)+(C2).

thm:magic-fibre corrected (PC-3, PC-4, PC-8) Flag, declared and minimal (t < 1) T-count, stabilizer-entropy bins;
d = 2/k; minimax indicator error 1/2.

thm:second-order held Explicit K, m = 0, &_full = 1/2sin”\2 A; leading coefficient 1/2 exact.

thm:pairs corrected (PC-5) Values held; V_2 is the T-dressed copier, not a rotation-family member.
thm:heat held (PC-9 scope) Same carrier, different reservoir records; no heat computed.

thm:not-page held (PC-7 scope) Leakage history does not fix archive, entropy, mouth, or endpoint data.
thm:drop-exact held (PC-6) Cut RK; exact drop; record alone and classical-only error > 1 — 1/d.
bottomrule

Plan corrections.

+ thm:factor: the literal statement is trivial when dim G = 1 or O_G contains only scalars, and false in the
nontrivial full-factor form for V_bad and for prime dim B (Remark ).

« thm:bridge-sharp: hypothesis (iii) is not necessary for the printed conclusion of cor:bridge; necessity holds for
the magic-accompanied conclusion (C3) (Remark ).

« thm:magic-fibre: magic labels need a qubit frame; stated for d = 2/%, other d after a declared padding.

« thm:magic-fibre: T-count is a circuit property; it is replaced by the declared circuit count or the minimal count t.
No lower bound on 1 above 1 is claimed.

* thm:pairs: in the rotation family, §_full = 1/2 only at the Clifford point 6 = /2; V_2 replaced (Remark ).

+ thm:drop-exact: the plan cites En09-B thm:cDsharp for the sharp return 1 — 1/D. In the fetched En09-B (v6), 1 —
1/D is prop:sharp; thm:cDsharp is the robustness constant 2 — 2/D. Both are cited as separations only.

« thm:not-page: by prop:recurrence, a finite autonomous Hamiltonian from a vacuum start never has &_full(t) - 0,
the hypothesis concerns a declared family or an access-preserving limit.

+ thm:magic-fibre: the error 1/2 is the minimax value over [0, 1]-valued or randomized reports; a deterministic {0,
1}-valued report has worst-case error 1 on the same fibres.

« thm:heat: ~*fixed complete isometry" is read as a fixed carrier C — R ® B. If the ledger registers are adjoined to
the residual, the complete isometries differ by a fixed code-independent factor with the same .4; §_full, and
£_rec/R.
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Version crosswalk, v2 to v3

Parent: En04-A-v2, frozen, sha256 6e8ee2fe5fcf3990 579d21ba6dcecdd2 13254b2fbe5b51a6 86080c2d2038434
(MANIFEST ea486e3d4968b6a2 b30eb04cc3dceOc5 9cd305d375b1602¢ 837c514aac665e17). No v1 or v2 label
is removed or renamed, and no v2 statement is changed.

toprule v2 item v3 status

midrule Sections 1-12, all labelled results Kept unchanged.

Ledger, conclusion, status tail One row, one paragraph, and a v3 status line added.
lem:witness Kept; the sharp constant and the normalized form are Theorem .

thm:rotation, lem:cq Kept; reused for Theorems, , .

thm:magic-fibre, lem:cliffdil Kept; extended in both directions by Theorem .
thm:second-order, thm:not-page, thm:drop-exact Kept; read conditionally in Theorems, , .

New Section : def:package, lem:minimax, thm:P14, thm:P2, thm:P12, def:compression, thm:P4, thm:P5, thm:P6,
thm:P7, thm:P16, thm:P3, thm:P8, thm:P9, thm:P10, thm:P11, def:layers, prop:layers, def:requirements,
thm:chain, conj:18, prop:analogues; Appendices and ; a v3 check table.

Bibliography One entry added: En04-B v2 (unregistered draft), source record; not a premise.

bottomrule

Prediction verdicts, plan corrections, and documentary corrections (v3)

Verdicts: held (proved as a conditional theorem on declared packages), corrected (a precise true form is proved
and the plan's form is recorded as false or loose), conjecture only (no proof is offered for the cosmological
reading; a finite analogue may be proved). No item is held as a cosmological prediction.

begingroup Verdicts on the plan items of t329u.
toprule Item Verdict Exact statement proved
midrule endfirsthead toprule Item Verdict Exact statement proved

midrule endhead #1 held Leakage without probe response: Prop. (1); equal channel data with different host data:
Thm. (c), Thm. .

#2 held w # 0 & A_O_G nonscalar; &_full > |w|/(2s(O_G)); e_recR > 0 (Thm. ).

#3 held Equal labels with zero, nonzero, and opposite responses; equal response with M_2 = 0 vs log_2 (4/3)
(Thm. ).

#4 held Constant profile = O_{ R} = A _0I, zero witness for every carrier; other probes respond (Thm. ).

#5 corrected (PC-11) w = (k_1 — k_0)sin’2 n + sin 2nRe c; the plan's form needs ¢ = 0; sampling with RN (1)} —
RAN(0)} =0 (Thm. ).

#6 held (PC-15) Fixed host datum: &_full ranges over [0, a_d], minimax error a_d/2; fixed declared G: range [0,
1/2], error 1/4 (Thm. ).

#7 held Same leakage history, entropy over [0, 1] bit, minimax 1/2 bit; host function unconstrained (Thm. ).

#8 held (DC-2) Classical floor 1 — 1/d, attained; distinct from a_d; an exact parameter label does not lower it
(Thm. ).

#9 held, constants exact (PC-12, DC-3) F_e = 1/d"2, error a_d; success 1/2(1 + d_tr); |&@ — a| < |$ — s(«)|/c on a
co-Lipschitz interval; witness ¢ = V(2) (Thm. ).

#10 corrected (PC-13) §_full = 1/2V(1 - |(t_0|t_1)|"2) (1/2 iff orthogonal), 1 — 1/d for d orthogonal states; clock
= copier complement (Thm. ).

#11 held (PC-17) &_full = 1/2sin”2 A, e_recR = 1/2(1 — cos A), witness 2sin/2 A, first derivative zero (Thm. ); Ag,
AR, AH ~ A2 not claimed.

#12 held Both marginals 7 {I/2}, joint nonconstant, §_full = €_rec’R = 1/2 (Thm. ).
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#13 held X_E ® X_G witness 2, optimal over unit-norm products and equal to 4|O|§_full; not evidence of a
geometric law (Thm. ).

#14 corrected (PC-10, DC-1) |A(O)| < s(O)d_tr < 2s(0)5_full < 4|O|S5_full; y_O < 25_full; all equalities for the
copier with Z_B; plan's 2|O|§_full false (Thm. ).

#15 held (PC-15) Fixed host: all carriers, §_full € [0, a_d]; with a supplied dictionary D, &_full is a function of h
(Thm. (b),(d)).

#16 held k-independent data: minimax > (sup K — inf K)/2, infinite on (0, o); injective supplied law identifies
symbolically (Thm. ).

S 17 held as proposition (PC-14) Layers LO-L5 (Def. ); each Lk =L(k + 1) with explicit example; L2=L1 (Prop.
).

S 18 A-H conjecture only; finite analogues proved Conj. ; analogues A-H in Prop. .

S 19 held as definition and theorem Requirements R1-R10, of which R2, R3, R5, R6 are supplied as declared data
(Def. ); every arrow fails without, and holds with, its added law (Thm. ).

bottomrule endgroup
Plan corrections (v3). 9

* #14: the displayed constant 2|O_G] is false (copier: 2 > 1); sharp constants are 2s(O) and 4| O, or y < 26_full
with y normalized by 2||O| (Remark ).

* #5: the witness has the cross term sin 2nRe c; the plan's form holds for ¢ = 0 (Remark ).
* #9: “'lesssim" is replaced by the exact inequality on an interval where s is co-Lipschitz (Remark ).
* #10: leakage 1/2 needs orthogonal qubit clock states (Remark ).

* S 17: field response is defined by one-point smeared data; with second moments the example of Prop. (2) would
respond. The plan's layers are not independent in reverse: probe response implies residual response.

* #6, #15: the range [0, a_d] needs dim R, dim B > d (Remark ).

* #3: the plan's replacement AR = k2/{-] is not adopted; 2# and k are not supplied, and k stays a symbol.
*#11 and S 18B: the finite analogue concerns §_full, _rec/R, and a probe witness, not Ag, AR, or AH.
Documentary corrections.

* The normalized response y and y < 26_full, the host fibre, and the curvature sampling witness (#4, #5, #6, #14,
#15) are En04-B material CheungEn04Bv2, not En04-A v2 theorems; they are proved here locally.

* #8 calls 1 — 1/d ""the manuscript's shredding theorem"; in En04-A it is thm:classical and thm:drop-exact (with
I-C thm:A CheungIC); the hosted shredder cut belongs to En04-B.

* The echo (#9) and the clock (#10) are not En04-A v2 theorems; they are proved here locally (Theorems , ).

* The plan attributes the sampling witness to ""the manuscript"; En04-A v2 has no profile & or modes f_a;
Definition introduces them.

What stays open. A physical spacetime, field-to-carrier map, dynamical matter—geometry coupling, derived
metric response, continuum limit, and distinguishable prediction (R1, R4, R7-R10); a carrier dictionary ®; a
sensitivity law fixing k; a same-model law (L5); every conjecture of Conj. as cosmology. O.1 stays
NOT_CLOSED.

Source records consulted

Citations identify source records only; no proof transfer. Each record was fetched read-only from
https://enter.grok.me/api/manuscript/<ID> or the catalogue page, on 25 October 2026. The hashes identify the
fetched copies.

toprule Record Labels used sha256 of fetched copy

midrule Hawk04-A thm:global, thm:exact, cor:nohiding, thm:four-majorana 68fd298348547eeb
dcac8e9e91571fc1 6aa2abecad217090 8a6f03bebfOb3f2d
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Hawk04-B thm:drop 9b2456d167c530fd b3b57d706d49ffe3 8538d82128d7e8ed a6400101d13d05f8
Hawk05-B thm:page 0404bd27adc8c80d 1f2e12f860ac60b9 a421349da7826246 f8caleb715d3cada
I-C (v2) thm:A, thm:B 10f3878a3e890d8d 1b10cbfcfdf681a9 441b642a3baf420a fcche3be2c464199

I-C-Th thm:access, thm:thermal, thm:reset 3eb1165a52673a06 8a90f0025663edcb 7be3cc4482011439
37832701d4dcf6ef

En07-A prop:no-landauer-from-channel 5b2641e125dec924 3ea5f48fabc48325 2b0614c59682466e
caf57fb0d200bde6

Res01-C thm:island, thm:haar, thm:recordgap 5311218b51faedfe 6aea65484ba6b705 7884314bf9fb88da
81bba3f437579916

En09-B (v6) prop:sharp, thm:cDsharp 979843477ff4c3bb a1698a63376c6ee9 ed5c074bb3b03d76
cf46d5a15915c459

Big01-A (v5) thm:fibre 8849b3556e2925be ed6a009218d8d84a 4a2e9abd2c023dd4 64437122de0f8c82
Big04-A-coeff thm:C-adaptive 69d97b6fb3d598e7 31d4a57254c41a4c 189a0e686f2cb00b 62144c2bbaa03e54
0ai280-A prop:goodbad f0aede62e8eb5502 6c6b5b587066ff89 614f29192669e859 ebObdaf5dbOffcle

Family 265 catalogue page 265-01 cdfc95803023297f 49a259566e5ae59¢ db75¢b18090193cc 2fafa605869adc15
Family 272 catalogue page 272-01 6ac380c067e17932 cb62b7e7d18db139 af242a6828fbeb69 ab6aa32a2bb80ac5c
Family 276 catalogue page 276-01 229548f5c9e1d17a d2e4ce72f9e2c150 1c8fd799b77c8f1e 47c71bef18184490
Family 280 catalogue page 280-01 399604a5114840d0 de5c47cb074ded37 3746391a2321e522 57fc08356e94def1
En04-B not registered (API 404) none

En04-B v2 draft thm:leak-exact (comparison only) d10c2a4c81d90f46 9827d77619a6087b c91bc75a69f5bd08
14aad1f7al4af5a0 (local file)

bottomrule

All listed labels were found in the fetched copies. The I-C labels sit in a mainthm environment. Catalogue hashes
are of text extracts of the pages. En04-B is cited only as an unregistered source record; hosting, Green-sector
blindness, the rod witness, Hosts A/B, the host-fibre certificate, and the shredder cut are not re-proved here.
Version 3 also consulted, read-only, the unregistered En04-B v2 draft supplied in the working conversation, for its
normalization of y and its rod form only; the v3 theorems that overlap it are proved locally.

Finite numerical checks

The checks are finite-dimensional sanity checks of the formulas above: semidefinite programs (solver
CLARABEL, tolerance 2 x 10/{ —6}) for half-diamond leakage and optimal recovery, sympy for the symbolic
identities, Pauli-spectrum tests for stabilizer states and Clifford unitaries, negative controls, and mutation tests.
They are not proofs. Totals: 161 checks, 161 passed, 0 failed (positive: 59, negative-control: 7, mutation: 6, and 89
version-2 checks rerun as regression). The checks file has sha256 6768bfffalf4645c dfc5fae2df4ceb57
82b42673b57bcbcf eb6bb5a33b5¢5a88.

Mutation tests confirm that the following false variants are detected: the constant 2|OJ in Theorem , the witness
without the cross term in Theorem , a minimax value (b — a)/4, a response that is a function of M_2, the floor 1 —
dN -2} for classical records, and leakage 1/2 for a non-orthogonal clock.

Version 3 checks. toprule Result checks passed
midrule lem:minimax 3 3

prop:analogues 2 2

prop:layers 6 6

thm:P10 7 7

thm:P11 4 4

thm:P12 7 7
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thm:P14 13 13

thm:P16 2 2

thm:P3 3 3

thm:P4 2 2

thm:P5 10 10

thm:P6 3 3

thm:P7 11

thm:P8 4 4

thm:P9 5 5

bottomrule

Version 2 checks (rerun). toprule Result checks passed
midrule lem:constant(v1l) 2 2
prop:independence(v1) 1 1
thm:bridge-sharp 3 3
thm:drop-exact 13 13
thm:factor 17 17

thm:heat 3 3
thm:magic-fibre 23 23
thm:majorana(vl) 4 4
thm:not-page 4 4
thm:pairs 6 6
thm:rotation(vl) 4 4
thm:second-order 9 9

bottomrule
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\begin{abstract}
We study a finite, already-prepared quantum carrier
\(V:C\to R\otimes B\) and ask when its complete residual \(B\)
responds to the logical code. Exact recovery from \(R\) is equivalent
to a constant complete complement. Non-Clifford resources neither force
nor are forced by such response: a Clifford copier responds, while a
local non-Clifford gate and a fixed syndrome with bipartite non-local
magic do not. For a controlled-rotation family,
\[
\dleak(\theta)=\frac{\sin\theta}{2},
\qquad
\erec^R(\theta)=\frac{1-\cos\theta}{2},
\qquad 0\le\theta\le\frac{\pi}{2}.
\]
A first-order commutator witness is sufficient for response, and a
Pauli test decides constancy for Clifford encoders. Readout-and-drop is
partial trace, and classical records are not a quantum decoder.

Version~2 adds eight theorems that turn these separations into criteria
a proposal can fail. Residual response never forces a geometric factor,
with the exact scope on a fixed residual. Each hypothesis of the
conditional bridge is necessary for a magic-accompanied conclusion,
while the resource certificate is idle for the printed one. Leakage is
not a function of a Clifford flag, a \(T\)-count, or a
stabilizer-entropy bin, and the worst-case response-indicator error is
\(\tfrac12\). A coupling with vanishing first-order witness has
\(\dleak=\tfrac12\sin^2\lambda\). Equal leakage occurs with different
resources, and equal resource class with different leakage. Channel data
do not select a heat ledger; a leakage history does not fix an entropy,
record, or Page history; and residual readout followed by drop returns
exactly the radiation channel, with the classical-record bound
\(1-1/d\) kept distinct from \(1-d^{-2}\) and from clock constants.

Version~3 adds a conditional-prediction layer
(Section~\ref{sec:predictions}). Sixteen proposed cosmological
``predictions'' become theorems of the form \emph{if a package supplies
these data, then this holds} on the finite carrier, each with a witness
and a non-claim. The leakage--response bound holds with the sharp
constant, \(\abs{\Delta\langle O\rangle}\le2s(O)\dleak\le4\norm O\dleak\)
with \(s(O)\) the spectral spread,
equivalently \(\gamma_O\le2\dleak\), with equality for the copier; the
proposed constant \(2\norm O\) is false. A constant supplied profile has
scalar compression and is blind for every carrier, while a nonconstant
one gives the sampling witness
\((\kappa_1-\kappa_0)\sin^2\eta+\sin2\eta\operatorname{Re}c\) with an
input-independent host. Both marginals can be constant while a product
observable responds with the optimal value \(2\). One host datum allows
every leakage in \([0,1-d^{-2}]\); a code-dependent qubit clock leaks
\(\tfrac12\sqrt{1-\abs{\langle\tau_0|\tau_1\rangle}^2}\); an echo has
\(F_e=d^{-2}\) yet estimates its parameter; the classical floor \(1-1/d\)
stays distinct from \(1-d^{-2}\); and a coefficient enters only through a
supplied sensitivity law. No layer of the five-layer programme implies
the next, each arrow of the constraint chain needs an added law, and the
eight candidate phenomena remain conjectures with proved finite analogues.
No cosmological prediction is made.

\smallskip\noindent\textbf{Standing ledger.} \StandingLedger
\end{abstract}
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\begin{center}
\fbox{\begin{minipage}{0.93\linewidth}
\textbf{The corrected logical structure.}
\[
\begin{gathered}
\text{non-Clifford resource}
\ \not\Longrightarrow\
\text{residual response},\\
\text{Clifford encoding}
\ \not\Longrightarrow\
\text{constant complete complement},\\
\text{constant complete complement}
\ \Longleftrightarrow\
\text{exact whole-code recovery from }R,\\
\text{residual response}
\ \not\Longrightarrow\
\text{physical geometric backreaction}.
\end{gathered}
\]
A responding non-Clifford model can be proved after its coupling,
code, preparation, access partition, and response witness are fixed.
It cannot be inferred merely from the word ``magic.''
\end{minipage}}
\end{center}



%=====================================================================
\section{Introduction and the corrected problem}
\label{sec:introduction}

The operational question addressed here begins after a preparation
has produced a finite quantum carrier. It concerns a complete
encoding or evolution map, an accessible output, an inaccessible
residual, a quantum decoder, and a separate destructive observation.

The proposed slogan
\[
\text{``Non-local magic enables geometry to respond to matter''}
\]
contains several logically distinct statements. In the present
channel formulation, the relevant operational condition is
non-constancy of the complete residual channel. However, neither
ordinary non-Cliffordness nor a generic notion of non-local magic
is equivalent to this condition. Moreover, an inaccessible quantum
memory is not automatically a geometric degree of freedom.

Exact quantum correction and no-hiding supply the recovery
criterion \cite{KnillLaflamme,BraunsteinPati}. Magic belongs to a
resource theory relative to a specified stabilizer structure
\cite{VeitchEtAl}. These are different mathematical structures.

A related but more specialized literature studies nontrivial area
operators and perturbative matter--geometry correlations in
holographic or skewed subsystem codes
\cite{Cao2024,CaoEtAl2026}. Its hypotheses, subsystem decompositions,
and magic quantities are not identical to a generic channel
\(C\to R B\). Section~\ref{sec:geometry} explains the separation.

\subsection{Relation to the Cheung manuscripts}

Landmark I gives a Born-law and positive-branch residual
characterization inside its declared strategy class
\cite[\texttt{thm:main}]{CheungI}. En03-A supplies the minimal
linear interface and ownership discipline
\cite{CheungEn03A}. We define the finite fragment locally and
use the supplied characterization only at its stated documentary
level.

Hawk04-A supplies complete preservation, the global restore map,
the exact complementary-channel criterion, the precise no-hiding
conclusion, and the four-Majorana control
\cite{CheungHawk04A}. Hawk04-B distinguishes quantum return,
destructive observation, complete apparatus outputs, and operational
discard \cite{CheungHawk04B}. The statements needed below are
proved locally.

Hawk02-E supplies the regulated microscopic architecture and the
separation of source energy from residual independence
\cite{CheungHawk02E}. The complete-process and apparatus disciplines
of En02-B, En02-C, En02-E, and Em03-C are maintained
\cite{CheungEn02B,CheungEn02C,CheungEn02E,CheungEm03C}.
Availability of a decoder, existence of a channel, and executable
implementation under a resource budget remain distinct.

The XIV/XV/XVI and OpenAI catalogue comparisons are documentary
separations only. \SRline They do not supply a premise for any channel,
magic, or response theorem in this paper.

\subsection{Four repairs made before completing the plan}

\begin{enumerate}
\item
\textbf{Magic is not leakage.}
A non-Clifford gate can act entirely within the recoverable
logical sector. Conversely, a Clifford interaction can copy a
basis label to the residual.

\item
\textbf{The restore map does not move the diary into the residual.}
It recovers the diary from the complete output \(R B\).
Residual-only recovery follows when the radiation channel is
constant, not merely from global preservation.

\item
\textbf{Readout-and-drop is not permanent physical deletion.}
It is a trace in the observer's channel semantics. Its complete
unitary dilation retains omitted apparatus outputs.

\item
\textbf{Residual response is not yet geometric response.}
One must identify actual geometric observables and show that
they distinguish the declared matter inputs in the same physical
model.
\end{enumerate}

The completed result is consequently a corrected operational
bridge with explicit witnesses and counterexamples, not a proof
of the original unconditional slogan.

\subsection{What is new in version 2}
Section~\ref{sec:criteria} adds Theorems~\ref{thm:factor}, \ref{thm:bridge-sharp},
\ref{thm:magic-fibre}, \ref{thm:second-order}, \ref{thm:pairs},
\ref{thm:heat}, \ref{thm:not-page}, and~\ref{thm:drop-exact}, with
Lemmas~\ref{lem:cliffdil} and~\ref{lem:cq} and
Proposition~\ref{prop:secondorder}. Every result now ends with a
non-claim. Appendix~\ref{app:crosswalk} gives the v1\(\to\)v2 crosswalk;
Appendix~\ref{app:verdicts} records the verdict on each planned theorem
and the plan corrections; Appendix~\ref{app:checks} summarizes the
finite numerical checks. No label of version~1 is removed or renamed.

\subsection{What is new in version 3}
Section~\ref{sec:predictions} states each of sixteen proposed
predictions as a conditional theorem on declared packages
(Definition~\ref{def:package}), with explicit witnesses and exact
minimax errors (Lemma~\ref{lem:minimax}); it adds the five-layer
proposition (Proposition~\ref{prop:layers}), the constraint-chain theorem
(Theorem~\ref{thm:chain}), the discovery requirements
(Definition~\ref{def:requirements}), and labelled conjectures with finite
analogues (Conjecture~\ref{conj:18}, Proposition~\ref{prop:analogues}).
Layers above the probe use only prescribed hosts and supplied functions;
no dynamics is constructed. Appendix~\ref{app:crosswalk3} gives the
v2\(\to\)v3 crosswalk and Appendix~\ref{app:verdicts3} the verdicts,
plan corrections PC-10 to PC-17, and documentary corrections. No label
of version~1 or~2 is removed or renamed.

%=====================================================================
\section{Complete channels and residual response}
\label{sec:channels}

Let \(C\simeq\C^d\), \(d\ge2\), be a finite logical code.
Output Hilbert spaces are separable. Channels act normally on
trace-class operators and are completely positive and trace
preserving, abbreviated CPTP.

For an isometry
\[
V:C\longrightarrow R\otimes B,
\]
set
\[
\VV(X)=VXV^\dagger,\qquad
\NN(X)=\Tr_B\VV(X),\qquad
\CC(X)=\Tr_R\VV(X).
\]
The residual \(B\) includes every inaccessible output:
preparation purifiers, retained memories, uncollected modes,
displaced carriers, and inaccessible apparatus factors.

Distances are
\[
\dtr(\rho,\sigma)=\frac12\norm{\rho-\sigma}_1,\qquad
\ddia(\Phi,\Psi)=\frac12\norm{\Phi-\Psi}_\diamond.
\]
All channel statements retain arbitrary untouched references.
For finite input, standard diamond-norm and Choi conventions
are as in \cite{Watrous}.

Define the replacement channel
\[
\TT_\sigma(X)=\Tr(X)\sigma
\]
and the quantities
\begin{align}
\erec^R(V)
&=\inf_{\DD:R\to C\ {\rm CPTP}}
                 \ddia(\DD\NN,\id_C),
\label{eq:recovery}\\
\dleak(V)
&=\inf_\sigma\ddia(\CC,\TT_\sigma).
\label{eq:leakage}
\end{align}

\begin{definition}[Complete residual response]
\label{def:response}
The complete residual responds to the logical code if
\(\CC\) is not a replacement channel. It is nonresponding if
\(\CC=\TT_\sigma\) for one fixed state \(\sigma\).

This concerns variation with the logical input at a fixed encoding
or fixed time. Dependence of a fixed replacement state
\(\sigma_\lambda\) on an external coupling parameter \(\lambda\)
is not, by itself, logical-input response.
\end{definition}

No ``rigid geometry'' is defined by Cliffordness. When convenient,
we call a \emph{proved nonresponding interface} an operationally
rigid interface. This terminology carries no metric assertion.

\begin{lemma}[Elementary distance bounds]
\label{lem:distances}
For isometries into a common output space,
\[
\ddia(\VV_1,\VV_2)\le\norm{V_1-V_2}.
\]
The same allowance holds after a common partial trace.
CPTP pre- and postprocessing contract half-diamond distance.

On fixed output spaces, recovery error and distance to the
replacement-channel set are one-Lipschitz:
\[
\abs{\erec(\NN_1)-\erec(\NN_2)}
\le\ddia(\NN_1,\NN_2),
\]
\[
\abs{\dleak(\CC_1)-\dleak(\CC_2)}
\le\ddia(\CC_1,\CC_2).
\]
\end{lemma}

\begin{proof}
For normalized vectors \(u,v\),
\[
\dtr(\kb{u}{u},\kb{v}{v})
=\sqrt{1-\abs{\langle u,v\rangle}^2}
\le\norm{u-v}.
\]
Apply this to referenced isometric outputs, then use convexity
and partial-trace contraction.

For each decoder, the triangle inequality changes its error by
at most the channel comparison allowance. Taking infima in both
directions proves recovery stability. The same argument applies
to distance from the replacement-channel set.
\end{proof}

\nonclaim{These are channel-distance facts; no dynamical estimate is claimed.}

\begin{lemma}[Constant-channel error and universal upper bounds]
\label{lem:constant}
Put \(a_d=1-d^{-2}\). Then
\[
\inf_\sigma\ddia(\id_C,\TT_\sigma)=a_d.
\]
Every channel from \(C\) has recovery error at most \(a_d\)
and leakage distance from replacement channels at most \(a_d\).
\end{lemma}

\begin{proof}
For any replacement state, the Bell-input output is
\(I_Q/d\otimes\sigma\). Its overlap with the target Bell projector
is \(d^{-2}\), giving the lower bound \(a_d\).

The uniform twirl over the \(d^2\) Weyl unitaries is
\(\TT_{I_C/d}\). Their Bell outputs are mutually orthogonal.
The triangle inequality and that Bell input give the matching
distance \(a_d\).

A decoder which ignores its input and prepares \(I_C/d\) gives
the recovery upper bound. For a channel \(\Phi\),
\[
\Phi\TT_{I_C/d}=\TT_{\Phi(I_C/d)}.
\]
Postprocessing contraction gives the leakage upper bound.
\end{proof}

\nonclaim{The constant \(a_d\) is a universal channel bound, not a physical error rate.}

%=====================================================================
\section{Preservation, exact recovery, and response witnesses}
\label{sec:exact}

\begin{theorem}[Complete preservation and global restore]
\label{thm:global}
Let \(J:C\to H_{\mathrm{in}}\) be an isometry, let
\(\ket{\Omega}\) be a fixed normalized ancilla, and let \(U\)
be unitary on the complete input space. Then
\[
V\ket\psi=U(J\ket\psi\otimes\ket{\Omega})
\]
is an isometry. Its complete channel has the CPTP left inverse
\begin{equation}
\mathcal L(Y)
=
V^\dagger YV+
\Tr((I-VV^\dagger)Y)\tau_C,
\qquad \tau_C=I_C/d.
\label{eq:restore}
\end{equation}
For every code--reference trace-class operator \(X\),
\[
\norm{(V\otimes I)X(V^\dagger\otimes I)}_1=\norm X_1.
\]
\end{theorem}

\begin{proof}
The preparation and evolution compose to an isometry.
Both terms of \eqref{eq:restore} are completely positive; their
traces sum to \(\Tr Y\). The second term vanishes on the encoded
range, and \(\mathcal L(VXV^\dagger)=X\).

An isometric embedding preserves nonzero singular values,
including after tensoring with a reference identity.
\end{proof}

\nonclaim{Global restore recovers \(C\) from \(RB\); it neither localizes the code in \(B\) nor deletes anything.}

The map \(\mathcal L\) returns \(C\) from \(R B\). It neither
deletes the code nor asserts that \(B\) alone carries a recoverable
copy. This is the restore structure in
\cite[\texttt{thm:global}]{CheungHawk04A}.

\begin{theorem}[Exact recovery, constancy, and observable compression]
\label{thm:exact}
For \(V:C\to R\otimes B\), the following are equivalent:
\begin{enumerate}[label=\textup{(\roman*)}]
\item one CPTP decoder on \(R\) exactly recovers the entire code;
\item \(\CC=\TT_\sigma\) for one residual state \(\sigma\);
\item for every code matrix unit \(E_{ij}=\kb{i}{j}\),
\[
\CC(E_{ij})=\delta_{ij}\sigma;
\]
\item
\[
J_{\mathrm n}(\CC)=\frac{I_Q}{d}\otimes\sigma;
\]
\item for every bounded residual observable \(O\),
\[
V^\dagger(I_R\otimes O)V
\quad\text{is a scalar multiple of }I_C.
\]
\end{enumerate}
Here
\[
\ket{\Phi_d}=\frac1{\sqrt d}\sum_i\ket{i}_Q\ket{i}_C,\qquad
J_{\mathrm n}(\Phi)
=(\id_Q\otimes\Phi)(\kb{\Phi_d}{\Phi_d}).
\]

When these conditions hold, there exist a Hilbert space \(K\),
a state \(\sigma_K\), and an isometry \(A:C\otimes K\to R\)
such that
\begin{equation}
\NN(X)=A(X\otimes\sigma_K)A^\dagger.
\label{eq:normalform}
\end{equation}
An exact complete decoder is
\begin{equation}
\DD(Y)=
\Tr_K(A^\dagger YA)
+\Tr((I-AA^\dagger)Y)\tau_C.
\label{eq:decoder}
\end{equation}
\end{theorem}

\begin{proof}
Linearity and expansion of the Bell projector give equivalence
of (ii)--(iv). Duality gives
\[
\Tr(O\CC(X))
=\Tr\bigl(V^\dagger(I\otimes O)V\,X\bigr).
\]
Thus (ii) implies (v). Conversely, in (v), evaluate at \(\tau_C\)
to identify the scalar as \(\Tr(O\CC(\tau_C))\).
Since bounded observables separate trace-class operators,
\(\CC(X)=\Tr(X)\CC(\tau_C)\), proving (ii).

Assume (ii), and diagonalize
\[
\sigma=\sum_\alpha p_\alpha\kb{b_\alpha}{b_\alpha},
\qquad p_\alpha>0.
\]
The support condition permits the expansion
\[
V\ket{i}
=
\sum_\alpha\sqrt{p_\alpha}\,
\ket{r_{i\alpha}}\ket{b_\alpha}.
\]
Constancy on every matrix unit gives
\[
\langle r_{j\beta},r_{i\alpha}\rangle
=\delta_{ij}\delta_{\alpha\beta}.
\]
Consequently
\(A(\ket{i}\ket{\alpha})=\ket{r_{i\alpha}}\)
is an isometry, and
\(\sigma_K=\sum_\alpha p_\alpha\kb{\alpha}{\alpha}\)
gives \eqref{eq:normalform}. Formula \eqref{eq:decoder}
is CPTP and recovers every matrix unit.

Conversely, dilate an exact decoder by an isometry
\(L:R\to C\otimes G\). Stinespring dilation is the standard
channel structure theorem \cite{Watrous,KSW}.
The map \(Z=(L\otimes I_B)V\) has
\[
Z\ket{i}=\ket{i}\otimes\ket{\eta_i},
\]
because the decoded marginal is pure.
Exact recovery of \(E_{ij}\) forces
\(\langle\eta_j,\eta_i\rangle=1\). All \(\eta_i\) coincide.
Tracing the decoded register and \(G\) therefore gives (iii).
\end{proof}

\nonclaim{No new correction theorem is claimed; this is the exact correction and no-hiding criterion in the present conventions.}

These are the exact correction/no-hiding conditions
\cite{KnillLaflamme,BraunsteinPati}
used in \cite[\texttt{thm:exact}]{CheungHawk04A}.
The local proof additionally identifies the residual-observable
test used below.

\begin{corollary}[The precise no-hiding conclusion]
\label{cor:nohiding}
If \(\NN\) is constant, \(B\) exactly recovers the code.
If \(\CC\) is constant, \(R\) exactly recovers it.
Both complementary outputs cannot independently recover the entire
unknown code when \(d\ge2\).
\end{corollary}

\begin{proof}
Interchange \(R\) and \(B\) in Theorem~\ref{thm:exact}.
An exactly recoverable output has constant complement, which
cannot itself recover two distinct inputs.
\end{proof}

\nonclaim{No statement about approximate or partial hiding is made.}

\begin{lemma}[Constancy and quantitative witnesses]
\label{lem:witness}
For a finite input, \(\dleak=0\) if and only if \(\CC\) is constant.
If two code states satisfy
\[
x=\dtr(\CC(\rho_0),\CC(\rho_1))>0,
\]
then
\begin{equation}
\dleak\ge x/2.
\label{eq:pairwitness}
\end{equation}
If \(O=O^\dagger\), \(\norm O\le1\), and
\[
w=\abs{\Tr(O\CC(\rho_0-\rho_1))},
\]
then
\begin{equation}
\dleak\ge w/4.
\label{eq:observablewitness}
\end{equation}
\end{lemma}

\begin{proof}
For every replacement state, the triangle inequality gives
\[
x\le
\dtr(\CC(\rho_0),\sigma)+
\dtr(\sigma,\CC(\rho_1))
\le2\ddia(\CC,\TT_\sigma).
\]
Also \(w\le\norm{\CC(\rho_0-\rho_1)}_1=2x\).

If leakage is zero, choose \(\sigma_n\) with
\(\ddia(\CC,\TT_{\sigma_n})\to0\).
Evaluation at \(\tau_C\) gives
\(\sigma_n\to\CC(\tau_C)\) in trace norm.
Replacement-channel distance equals the corresponding state
distance, so \(\CC=\TT_{\CC(\tau_C)}\).
\end{proof}

\nonclaim{A positive witness does not locate the whole code in \(B\).}

\begin{remark}[Response does not locate the whole diary]
A positive witness proves that the residual distinguishes some
logical inputs. It does not prove residual-only recovery of the
entire code. Joint recovery is guaranteed by the complete isometry;
local recovery requires its own theorem.
\end{remark}

%=====================================================================
\section{Typed preparation, coherent programs, and Enter}
\label{sec:typing}

\subsection{The declared finite fragment}

Types are
\[
T::=\Itype\mid\Qtype\mid\Bit\mid T\otimes T,
\]
with observable algebras
\[
\mathcal A_{\Itype}=\C,\qquad
\mathcal A_{\Qtype}=M_2(\C),\qquad
\mathcal A_{\Bit}=\C\oplus\C.
\]
Classical registers are block diagonal. No conversion from a
quantum register to a classical register is implicit.

A judgement \(P:T\to T'\) consumes the entire input interface
and returns its declared output interface. Sequential and tensor
composition require matching types. A live quantum name is not
duplicated or silently omitted. This follows the minimal ownership
reading of \cite{CheungEn03A}, rather than an unprovided larger
calculus.

The primitives are pure allocation, specified finite unitaries,
destructive computational readout, classical blockwise control,
and classical discard:
\[
\New:\Itype\to\Qtype,\qquad
\Enter:\Qtype^{\otimes s}\to\Bit^{\otimes s},\qquad
\Drop:\Bit\to\Itype.
\]
A specified unitary constant is a semantic object, not an assertion
of exact finite-gate compilation, efficiency, or hardware realization.

For a measured subsystem \(S\) and surviving quantum subsystem \(T\),
write
\[
M_x=\bra{x}_S\otimes I_T.
\]
The destructive readout instrument is
\begin{equation}
\mathcal E_S(\rho)
=
\sum_x\kb{x}{x}_K\otimes M_x\rho M_x^\dagger.
\label{eq:enter}
\end{equation}
The measured names are consumed. For a pure input,
\[
p_x=\norm{M_x\psi}^2,\qquad
\psi_x=M_x\psi/\sqrt{p_x}\quad(p_x>0).
\]
No normalized residual is assigned to a zero-probability branch.

These are the destructive Born--L\"uders residual formulas supplied
by Landmark I within its stated strategy class
\cite[\texttt{thm:main}]{CheungI}.
We define the instrument directly; we do not reconstruct a
measurement-uniqueness theorem from incomplete hypotheses.

\begin{theorem}[Complete finite-program soundness]
\label{thm:soundness}
Every finite acyclic legal program denotes a CPTP hybrid-output
channel and has path maps \(K_h\) satisfying
\[
\sum_hK_h^\dagger K_h=I.
\]
Reported outcomes group the unnormalized branch maps
\(X\mapsto K_hXK_h^\dagger\).
The same statement holds with arbitrary untouched references.
Every branch terminates within the finite height of its
instruction tree.
\end{theorem}

\begin{proof}
Allocation and unitary gates are isometric.
Readout satisfies \(\sum_xM_x^\dagger M_x=I\).
Classical discard sums blocks without conditional normalization.

Backward induction on the instruction tree proves completeness.
Sequential composition composes the path maps; coarse-graining
adds their CP maps. Tensoring each path map with a reference
identity proves the complete-channel statement.
A finite acyclic tree has finite maximum branch length.
\end{proof}

\nonclaim{No compilation, efficiency, or hardware realization is asserted.}

This is the local version of the complete-history accounting in
\cite[\texttt{thm:B1}]{CheungEn02B}
and \cite{CheungEn02C}. A selected success branch is not substituted
for a deterministic decoder.

\subsection{Complete coherent body and local quantum return}

After a carrier dictionary exists, the coherent body has type
\[
P_{\mathrm{coh}}:Q_C\to Q_R\otimes Q_B
\]
and form
\begin{verbatim}
a := new;
(C,a) := EncodeAndPrepare(C,a);
(R,B) := CoherentBody(C,a);
returnQ(R,B);
\end{verbatim}
It contains no \texttt{Enter}.

A local decoder has type \(P_{\DD}:Q_R\to Q_C^{\mathrm{out}}\).
A finite CPTP decoder can be implemented semantically by
\begin{verbatim}
w := new;
(Cout,G) := DecoderUnitary(R,w);
y := Enter(G);
dropBit(y);
returnQ(Cout);
\end{verbatim}
The Kraus isometry
\[
L\ket\psi=\sum_jD_j\ket\psi\ket{j}_G
\]
has a finite unitary extension after allocation.
Readout and discard of \(G\) give \(\sum_jD_jXD_j^\dagger\).
The diary output remains quantum.

Applying this decoder locally to the coherent output yields a
joint program returning \texttt{(Cout,B)}.
The observer controlling only \texttt{Cout} sees \(\DD\NN\).
A radiation marginal is therefore a declared access restriction,
not a rule silently deleting a live residual wire.

For non-power-of-two dimensions, all logical spaces are subspaces
of padded qubit registers. Physical channels are completed on
invalid padded inputs, for example by fixed-state preparation.
Such padding does not establish a physical field-to-qubit receiver.

\subsection{Optional terminal observation}

A prescribed terminal measurement may be appended after quantum
return:
\begin{verbatim}
Cout := BasisUnitary(Cout);
x := Enter(Cout);
returnBit(x);
\end{verbatim}
Its target is the measurement channel \(\MM\), not \(\id_C\).
By contraction,
\[
\ddia(\DD\NN,\id_C)\le\varepsilon
\quad\Longrightarrow\quad
\ddia(\MM\DD\NN,\MM)\le\varepsilon.
\]
The converse for one chosen measurement fails: computational
dephasing preserves its computational record but not off-diagonal
matrix units.

Enter is not a magic evaluator. A program may be mathematically
analysed for nonstabilizerness, but the primitive semantics of
\(\Enter\) is the instrument \eqref{eq:enter}.

%=====================================================================
\section{Stabilizer structure and why the proposed implication fails}
\label{sec:magic}

\subsection{The resource convention must be fixed}

Fix a qubit tensor decomposition and its Pauli frame.
A Clifford unitary normalizes the Pauli group.
A pure stabilizer state is a Clifford image of a computational
basis state. The convex hull of such states is denoted \(\STAB\).
A state outside this convex hull has stabilizer magic in this
declared convention \cite{VeitchEtAl}.

The classification concerns operations and prepared states, not
a promise that every arbitrary diary input is a stabilizer state.
In particular, a Clifford program can process an unknown
nonstabilizer diary.

Bosonic Gaussianity, fermionic Gaussianity, and qubit Cliffordness
are not identified. An arbitrary qubit dictionary can preserve
channel recovery while changing the Pauli-frame description.
A magic claim must consequently fix its dictionary before evaluation.

\begin{proposition}[Access-preserving local unitaries preserve leakage]
\label{prop:localinvariance}
For
\[
V'=(U_R\otimes U_B)V
\]
with local output unitaries,
\[
\dleak(V')=\dleak(V),\qquad
\erec^R(V')=\erec^R(V).
\]
These unitaries may be non-Clifford.
\end{proposition}

\begin{proof}
The residual channel is
\(\CC'=\Ad_{U_B}\CC\).
Replacement states are carried bijectively to their conjugates,
and unitary channel distances are invariant.
On radiation, a decoder may undo \(U_R\), and conversely may
prepend it when comparing the two tasks.
\end{proof}

\nonclaim{Output unitaries mixing \(R\) and \(B\) are not covered.}

An output unitary mixing \(R\) and \(B\) is not covered: it changes
the accessible task.

\subsection{Clifford leakage and non-Clifford nonresponse}

\begin{proposition}[Non-Cliffordness is neither necessary nor sufficient]
\label{prop:independence}
There is a Clifford coherent program with
\[
\dleak=\erec^R=\frac12.
\]
There is a non-Clifford coherent program with
\[
\dleak=\erec^R=0.
\]
\end{proposition}

\begin{proof}
For the first example, allocate \(B\) in \(\ket0\) and apply
\(\mathrm{CNOT}_{C\to B}\), returning the original carrier as \(R\).
Then
\[
V_{\mathrm{copy}}\ket{i}=\ket{i}_R\ket{i}_B,
\]
and both marginals are computational dephasing
\[
\Delta_Z(\rho)=\frac12(\rho+Z\rho Z).
\]
The two residual basis outputs are orthogonal, giving
\(\dleak\ge1/2\).
The replacement \(I_2/2\) gives the matching upper bound:
for every referenced input the two diagonal reference blocks
multiply output differences of trace norm one.
Thus the half-diamond distance is at most \(1/2\).

The inputs \(\ket+\) and \(\ket-\) have identical radiation outputs.
A decoder of error \(\varepsilon\) therefore satisfies
\(1\le2\varepsilon\).
The identity decoder has error \(1/2\), proving the recovery formula.

For the second example, let
\[
T=\diag(1,e^{\ii\pi/4}),\qquad
V_T\ket\psi=T\ket\psi_R\otimes\ket0_B.
\]
The complement is \(\TT_{\kb0{0}}\), and \(T^\dagger\) recovers exactly.
The gate is non-Clifford because
\(TXT^\dagger=(X+Y)/\sqrt2\), which is not a Pauli.
For input \(\ket+\), the output has Bloch components
\((1/\sqrt2,1/\sqrt2,0)\), outside the convex hull of the six
Pauli eigenstates.
\end{proof}

\nonclaim{The CNOT copies a basis label, not an unknown state; no cloning is claimed.}

The CNOT copies a basis label, not an arbitrary unknown quantum
state. There is no violation of no-cloning.

The Choi state of \(V_{\mathrm{copy}}\) is
\[
\frac{\ket{000}+\ket{111}}{\sqrt2},
\]
a stabilizer state. Thus its recovery obstruction does not require
magic in the encoding Choi state.

\subsection{Even bipartite non-local magic need not cause response}

To make ``non-local'' precise for the next counterexample, define
a faithful pure-state indicator across a fixed bipartition:
\begin{equation}
\MNL^{A:B}(\psi)
=
\min_{\substack{U_A,U_B\\s\ {\rm pure\ stabilizer}}}
\dtr\!\left(
(U_A\otimes U_B)\kb{\psi}{\psi}(U_A\otimes U_B)^\dagger,
\kb{s}{s}
\right).
\label{eq:NLindicator}
\end{equation}
It is zero exactly when the state is locally unitary-equivalent
to a pure stabilizer state. We use it only as an indicator:
no monotonicity under arbitrary local operations is asserted.
Related non-local magic constructions distinguish removable local
magic from magic in correlations \cite{Cao2024,CaoEtAl2026}.

\begin{lemma}[Stabilizer reductions have flat nonzero spectra]
\label{lem:flat}
Every reduced density matrix of a pure qubit stabilizer state
is proportional to a projector. Its nonzero eigenvalues are equal,
and its rank is a power of two.
\end{lemma}

\begin{proof}
For an \(n\)-qubit pure stabilizer state with stabilizer group
\(\mathcal S\),
\[
\kb{s}{s}=2^{-n}\sum_{P\in\mathcal S}P.
\]
Tracing the complementary subsystem leaves only Paulis supported
on the retained subsystem \(A\):
\[
\rho_A=2^{-n_A}\sum_{P_A\in\mathcal S_A}P_A.
\]
If \(\mathcal S_A\) has \(2^r\) elements, its group average
\(2^{-r}\sum_{P_A\in\mathcal S_A}P_A\) is a projector.
Therefore \(\rho_A\) has flat nonzero eigenvalues \(2^{r-n_A}\)
and rank \(2^{n_A-r}\).
\end{proof}

\nonclaim{Standard stabilizer structure; no priority is claimed.}

This standard stabilizer structure is also discussed in
\cite{FattalEtAl}; the needed statement is proved above.

\begin{theorem}[A constant complement can contain non-local magic]
\label{thm:NLcounterexample}
Let \(0<\kappa<\pi/4\), and prepare the fixed syndrome
\[
\ket{\chi_\kappa}_{R_1B}
=
\cos\kappa\ket{00}+\sin\kappa\ket{11}.
\]
Define
\[
V_\kappa\ket\psi
=
\ket\psi_{R_0}\otimes\ket{\chi_\kappa}_{R_1B},
\qquad R=R_0R_1.
\]
Then
\[
\CC_\kappa=\TT_{\sigma_\kappa},\qquad
\sigma_\kappa=\diag(\cos^2\kappa,\sin^2\kappa),
\]
so \(\dleak=\erec^R=0\).

Nevertheless,
\[
\MNL^{R_1:B}(\chi_\kappa)>0,
\]
and the complete encoding Choi state has
\[
\MNL^{Q R:B}\bigl((I_Q\otimes V_\kappa)\Phi_d\bigr)>0.
\]
\end{theorem}

\begin{proof}
Tracing \(R_0R_1\) gives the displayed replacement channel.
Discarding \(R_1\) and returning \(R_0\) recovers the code exactly.

The two nonzero eigenvalues of the \(B\)-reduction are unequal.
Local unitaries preserve them, whereas a pure stabilizer reduction
must have a flat nonzero spectrum by Lemma~\ref{lem:flat}.
Thus no local unitaries convert \(\chi_\kappa\) to a stabilizer state.
The local unitary groups are compact and the stabilizer set is
finite, so the minimum distance is strictly positive.

The Choi state is
\(\ket{\Phi_d}_{Q R_0}\otimes\ket{\chi_\kappa}_{R_1B}\).
For the Choi magic statement, take a qubit code, or more generally
\(d=2^k\), with its fixed qubit structure.
Across \(Q R:B\), its \(B\)-reduction has the same two unequal
eigenvalues. The same argument applies.
\end{proof}

\nonclaim{\(\MNL\) is used as an indicator, not a monotone; the tripartite quantity of \cite{CaoEtAl2026} is not evaluated.}

For the two-qubit syndrome, the indicator can be evaluated:
\[
\MNL^{R_1:B}(\chi_\kappa)
=
\sqrt{
1-\max\left\{
\cos^2\kappa,\,
\frac{(\cos\kappa+\sin\kappa)^2}{2}
\right\}
}.
\]
Indeed, the largest overlap with a product state is
\(\cos^2\kappa\), whereas the largest overlap with a maximally
entangled two-qubit state is
\((\cos\kappa+\sin\kappa)^2/2\).
These are the two possible Schmidt spectra of a two-qubit
pure stabilizer state. Both overlaps are strictly below one
for \(0<\kappa<\pi/4\).

This counterexample concerns bipartite non-local magic, including
in a complete Choi state. It does not identify that quantity with
the specialized perturbative tripartite quantity of
\cite{CaoEtAl2026}. The fixed syndrome carries no logical-input
response.

\begin{corollary}[No unconditional magic-to-leakage implication]
\label{cor:noimplication}
Under the generic prepared-carrier assumptions, neither
\[
\text{non-Clifford program}\Longrightarrow\dleak>0
\]
nor
\[
\text{positive bipartite non-local magic}\Longrightarrow\dleak>0
\]
is valid. Conversely, \(\dleak>0\) does not imply magic.
\end{corollary}

\begin{proof}
Use Proposition~\ref{prop:independence} and
Theorem~\ref{thm:NLcounterexample}.
\end{proof}

\nonclaim{Restricted resource theories with additional matter--geometry structure are not addressed.}

%=====================================================================
\section{A genuine Clifford criterion and a responding deformation}
\label{sec:construction}

\subsection{Pauli compression for a Clifford encoder}

Let \(C\) contain \(k\) logical qubits and let \(A\) contain \(m\)
allocated ancilla qubits in \(\ket{0^m}\).
A Clifford unitary \(U\) gives
\[
V\ket\psi=U(\ket\psi_C\ket{0^m}_A),
\]
with a declared output partition \(R B\).

\begin{theorem}[Clifford constancy criterion]
\label{thm:cliffordcriterion}
For each Hermitian residual Pauli \(P_B\), write
\[
U^\dagger(I_R\otimes P_B)U
=
s\,P_C\otimes P_A,
\qquad s\in\{-1,1\}.
\]
The complete complement is constant if and only if every such
Pauli satisfies one of:
\begin{enumerate}[label=\textup{(\roman*)}]
\item \(P_A\) has an \(X\) or \(Y\) factor, so
\(\bra{0^m}P_A\ket{0^m}=0\);
\item \(P_C=I_C\).
\end{enumerate}
\end{theorem}

\begin{proof}
Compression gives
\[
V^\dagger(I_R\otimes P_B)V
=
s\,\bra{0^m}P_A\ket{0^m}\,P_C.
\]
The ancilla expectation is zero when an \(X\) or \(Y\) factor is
present, and otherwise is one with the phase carried by \(s\).
Thus every compression is scalar precisely under the stated
condition.

Residual Paulis form an operator basis. The criterion for all of
them is therefore equivalent to the observable criterion in
Theorem~\ref{thm:exact}.
\end{proof}

\nonclaim{Cliffordness makes the test algebraic; it does not fix its answer.}

Cliffordness makes this test algebraic; it does not predetermine
its answer. The CNOT copying example fails the test because the
residual \(Z\) compresses to logical \(Z\).

A nonresponding Clifford baseline is
\[
V_0\ket\psi=\ket\psi_R\ket0_B.
\]
A less trivial baseline prepares a Bell syndrome on
\(R_1B\) while keeping \(R_0=C\).
Then \(B\) is fixed in \(I_2/2\), even though it is entangled with
a radiation syndrome. Constancy does not require a product output
or a pure residual.

\subsection{An exact non-Clifford responding program}

On one logical qubit and one allocated residual qubit, define
\[
R_y(2\theta)=e^{-\ii\theta Y},
\]
\[
U_\theta
=
\kb0{0}\otimes I+
\kb1{1}\otimes R_y(2\theta),
\qquad
0\le\theta\le\frac{\pi}{2}.
\]
Initialize \(B\) in \(\ket0\) and return the first qubit as \(R\).
Then
\begin{equation}
V_\theta\ket0=\ket0_R\ket0_B,\qquad
V_\theta\ket1=\ket1_R\ket{b_\theta}_B,
\quad
\ket{b_\theta}=\cos\theta\ket0+\sin\theta\ket1.
\label{eq:rotationisometry}
\end{equation}

The typed body is
\begin{verbatim}
b := new;
(R,B) := ControlledRy_theta(C,b);
returnQ(R,B);
\end{verbatim}
It is a finite semantic program with a specified unitary constant.
No exact compilation into a fixed finite gate library is asserted.

\begin{theorem}[Exact response and recovery for the deformation]
\label{thm:rotation}
For \eqref{eq:rotationisometry},
\[
\NN_\theta=\Delta_{\cos\theta},
\qquad
\Delta_c(\rho)=
\begin{pmatrix}
\rho_{00}&c\rho_{01}\\
c\rho_{10}&\rho_{11}
\end{pmatrix},
\]
and
\[
\CC_\theta(\rho)
=
\rho_{00}\kb0{0}+\rho_{11}\kb{b_\theta}{b_\theta}.
\]
The exact quantities are
\begin{equation}
\boxed{
\dleak(\theta)=\frac{\sin\theta}{2},\qquad
\erec^R(\theta)=\frac{1-\cos\theta}{2}.
}
\label{eq:rotationexact}
\end{equation}

For \(0<\theta<\pi/2\), the unitary \(U_\theta\) is non-Clifford
and its output on the stabilizer input \(\ket+\ket0\) has positive
bipartite non-local magic across \(R:B\).
At \(\theta=\pi/2\), the unitary is Clifford but the complement
is still nonconstant.
\end{theorem}

\begin{proof}
Partial traces of the two columns in
\eqref{eq:rotationisometry} give the displayed channels.
The residual pure states have overlap \(\cos\theta\), hence
trace distance \(\sin\theta\).
Lemma~\ref{lem:witness} gives the lower bound
\(\dleak\ge\sin\theta/2\).

Let
\[
\sigma_\theta=\frac12\left(
\kb0{0}+\kb{b_\theta}{b_\theta}\right).
\]
Each basis output has distance \(\sin\theta/2\) from
\(\sigma_\theta\).
For an arbitrary referenced input, the output difference is
\[
\sum_{i=0}^1 X_i\otimes(\sigma_i-\sigma_\theta),
\]
where the diagonal reference blocks \(X_i\) are positive and
\(\sum_i\Tr X_i=1\).
The trace norm is therefore at most \(\sin\theta\).
This proves the matching half-diamond upper bound.

The radiation channel has
\[
\Delta_c=\frac{1+c}{2}\id+\frac{1-c}{2}\Ad_Z.
\]
The identity decoder has error \((1-c)/2\), using an upper triangle
bound and the orthogonal Bell outputs of \(I\) and \(Z\).
For any decoder of error \(\varepsilon\), the ideal outputs of
\(\ket+\) and \(\ket-\) have distance one, while their channel
outputs have distance \(c\). Contraction and the triangle
inequality give \(1\le2\varepsilon+c\).
This proves the recovery formula.

For input \(\ket+\), the complete output is
\[
\ket{\Psi_\theta}
=
\frac{\ket0\ket0+\ket1\ket{b_\theta}}{\sqrt2}.
\]
Its radiation reduction has eigenvalues
\((1+\cos\theta)/2\) and \((1-\cos\theta)/2\).
For \(0<\theta<\pi/2\), these are nonzero and unequal.
Lemma~\ref{lem:flat} shows that the state is not locally equivalent
to a stabilizer state. In particular, \(U_\theta\) cannot be
Clifford, because it maps a stabilizer input to a nonstabilizer
output.

At \(\theta=\pi/2\),
\(R_y(\pi)=XZ\), and
\[
U_{\pi/2}=\mathrm{CNOT}\,\mathrm{CZ},
\]
where \(\mathrm{CZ}\) acts first. This is Clifford.
On the allocated \(\ket0\) residual, its code isometry is the
copying isometry of Proposition~\ref{prop:independence}.
\end{proof}

\nonclaim{The formulas belong to this family; no exact gate synthesis of \(U_\theta\) is asserted.}

This is the properly completed ``responding non-Clifford'' fragment:
a specified non-Clifford coupling and a direct residual witness,
rather than an inference from gate classification alone.
The baseline \(\theta=0\) is nonresponding, and the response is
proved on the same code, preparation, and partition.

For small \(\theta\),
\[
\dleak(\theta)=\frac{\theta}{2}+O(\theta^3),\qquad
\erec^R(\theta)=\frac{\theta^2}{4}+O(\theta^4).
\]
The exact relation is
\[
\erec^R=
\frac{1-\sqrt{1-4\dleak^2}}2.
\]
This relation belongs to this family, not to arbitrary encodings.

Magic on \(\ket{\Psi_\theta}\) vanishes at both endpoints,
while leakage is zero only at the first endpoint. Thus even in
this entangling family, leakage is not a faithful magic measure.

\subsection{A general sufficient response condition}

\begin{theorem}[First-order residual response witness]
\label{thm:linearresponse}
Let \(V_0:C\to R B\) have constant complement, let
\(K=K^\dagger\) be bounded, and define
\[
V_\lambda=e^{-\ii\lambda K}V_0.
\]
Fix code states \(\rho_0,\rho_1\), put \(X=\rho_0-\rho_1\),
and choose a bounded Hermitian residual observable \(O\) with
\(\norm O\le1\).
Suppose
\[
m=
\Tr\!\left[
O\left(-\ii\Tr_R[K,V_0XV_0^\dagger]\right)
\right]\ne0.
\]
Then
\begin{equation}
\dleak(V_\lambda)
\ge
\max\left\{0,\frac{\abs m\,\abs\lambda}{4}
                  -\norm K^2\lambda^2\right\}.
\label{eq:linearresponse}
\end{equation}
In particular, the complement is nonconstant for
\[
0<\abs\lambda<\frac{\abs m}{4\norm K^2}.
\]
\end{theorem}

\begin{proof}
The derivative of the conjugated trace-class operator is
\(-\ii[K,V_0XV_0^\dagger]\).
The double commutator has trace norm at most
\(4\norm K^2\norm X_1\).
Taylor's integral remainder is therefore bounded by
\(2\lambda^2\norm K^2\norm X_1\le4\lambda^2\norm K^2\).

The baseline residual image of \(X\) is zero by constancy.
Hence
\[
\abs{\Tr(O\CC_\lambda(X))}
\ge\abs m\,\abs\lambda-4\lambda^2\norm K^2.
\]
Apply \eqref{eq:observablewitness}.
The assumption \(m\ne0\) entails \(\norm K>0\).
\end{proof}

\nonclaim{The witness is sufficient only; Theorem~\ref{thm:second-order} shows that it is not necessary.}

The relevant additional premise is a nonzero residual matrix
element of the coupling. A label such as ``interacting,''
``non-Gaussian,'' or ``non-Clifford'' is not that premise.
A vanishing first-order witness also does not rule out
higher-order response.

%=====================================================================
\section{Readout, forgetting, and the complete apparatus}
\label{sec:discard}

\subsection{The external residual program}

For a finite encoded residual, the observer may explicitly add
\[
P_{\mathrm{forgetB}}:Q_R\otimes Q_B\to Q_R
\]
with body
\begin{verbatim}
x := Enter(B);
dropBit(x);
returnQ(R);
\end{verbatim}
This is an external operation, not a conclusion about autonomous
evolution.

\begin{theorem}[Unobserved readout-and-drop is partial trace]
\label{thm:drop}
For every joint state, including an external reference,
\[
\sum_x(\bra{x}_B\otimes I)\rho(\ket{x}_B\otimes I)
=\Tr_B\rho.
\]
Consequently,
\[
P_{\mathrm{forgetB}}\VV=\NN,
\]
with exactly the pre-existing radiation recovery error.

More generally, a trace-preserving local operation on \(B\),
with all its outputs ignored, leaves the untouched reference
and \(R\) unchanged.
\end{theorem}

\begin{proof}
Partial trace is the sum of the diagonal blocks in any orthonormal
basis. For a general local channel, its Heisenberg adjoint is
unital. It therefore leaves every observable \(A\otimes I_B\)
on the untouched factors unchanged.
\end{proof}

\nonclaim{This is operational forgetting at this interface, not permanent physical deletion.}

Thus the phrase ``empty the bin'' is only operational forgetting
at this interface. It does not prove annihilation of the physical
residual or its apparatus.

For an infinite residual, partial trace remains well defined.
The theorem does not provide a finite program that measures
infinitely many modes.

\begin{proposition}[Complete coherent readout dilation]
\label{prop:readoutdilation}
For the instrument \eqref{eq:enter}, define
\[
W_{\mathrm{read}}\ket\psi
=
\sum_x\ket{x}_K\ket{x}_E M_x\ket\psi.
\]
This is an isometry.
Tracing \(E\) gives the observable destructive readout instrument.
The complete output preserves the input globally.
\end{proposition}

\begin{proof}
Completeness of the \(M_x\) gives
\(W_{\mathrm{read}}^\dagger W_{\mathrm{read}}=I\).
Tracing the orthogonal \(E\)-labels removes cross-outcome terms.
Apply Theorem~\ref{thm:global}.
\end{proof}

\nonclaim{The dilation models the apparatus; it is not a claim about a specific laboratory device.}

For a fully measured qubit,
\[
a\ket0+b\ket1
\longmapsto
a\ket0_K\ket0_E+b\ket1_K\ket1_E.
\]
The phase is absent from each classical marginal but retained
jointly. The carrier \(K\) in this coherent dilation is a quantum
system; its observable \(\Bit\) interface arises after \(E\)
is omitted.

This complete apparatus ledger is the distinction emphasized in
\cite{CheungHawk04B,CheungEm03C}.
Operational discard may move a record carrier to an inaccessible
environment in a unitary realization; it does not remove that
environment from the complete preservation claim.

\begin{theorem}[Classical records are not a quantum decoder]
\label{thm:classical}
If the only retained output of a complete process is classical,
every subsequent deterministic reconstruction of \(C\) has error
at least
\[
1-d^{-1}.
\]
The same bound holds for every measure-and-prepare channel followed
by a decoder. Computational readout followed by basis-state
preparation attains it.
\end{theorem}

\begin{proof}
A finite classical-output channel has the form
\[
X\longmapsto\sum_x\Tr(F_xX)\kb{x}{x}.
\]
A decoder prepares one state for each outcome, giving a
measure-and-prepare channel. Its Bell-input output is separable.

For a normalized product vector \(u\otimes v\),
\[
\abs{\langle\Phi_d,u\otimes v\rangle}^2\le1/d.
\]
Convexity gives the same Bell-overlap upper bound for separable
states. Testing the Bell projector gives error at least \(1-1/d\).

Computational dephasing is
\[
\Delta_d=\frac1d\sum_{k=0}^{d-1}\Ad_{Z^k}.
\]
The \(d\) Bell outputs are orthogonal, yielding distance
\(1-1/d\); the triangle inequality gives the matching upper bound.
\end{proof}

\nonclaim{Supplied quantum side information changes the hypothesis.}

The entanglement-breaking characterization is established in
\cite{HorodeckiShorRuskai}. The quantitative statement is proved
locally. A surviving quantum memory or supplied quantum side
information changes the hypothesis.

Residual measurement outcomes supplied to the observer may assist
quantum recovery. For example,
\[
V\ket\psi=
\frac{\ket\psi_R\ket0_B+Z\ket\psi_R\ket1_B}{\sqrt2}
\]
has dephasing radiation. Measuring \(B\) gives a uniform bit \(x\);
applying \(Z^x\) to \(R\) recovers exactly. Dropping the bit without
using it leaves dephasing. The bit alone contains no diary.
This is an access change, not a record-only quantum decoder.

%=====================================================================
\section{The four-Majorana control is not a magic certificate}
\label{sec:majorana}

\subsection{The independently specified model}

Take four Majoranas with
\[
\{\chi_i,\chi_j\}=2\delta_{ij}I,
\qquad
S_j=\ii\chi_{2j-1}\chi_{2j},
\]
and freeze
\[
H_S=J(I-S_1S_2),\qquad
A=\frac{S_1+S_2}{2},\qquad J>0.
\]
For \(0<\mu<\Lambda<\infty\), let
\[
\mathfrak h=L^2([\mu,\Lambda],\dd\omega),\qquad
(h_Bf)(\omega)=\omega f(\omega),
\]
\[
H_B=\dd\Gamma(h_B),\qquad
f(\omega)=\frac1{\sqrt{2\omega}},
\qquad
H=H_S+H_B+gA\otimes\Phi(f).
\]
The Hamiltonian is specified independently of Enter.

The field estimates
\[
\norm{a(f)\psi}
\le\norm{h_B^{-1/2}f}\norm{H_B^{1/2}\psi},
\]
\[
\norm{a^\dagger(f)\psi}^2
=
\norm{a(f)\psi}^2+\norm f^2\norm\psi^2
\]
give arbitrarily small relative bound of the interaction with
respect to \(H_B\). Since \(H_S\) and \(A\) are bounded,
Kato--Rellich gives self-adjointness on \(D(H_B)\)
\cite{Kato}. The finite cutoffs make the displayed norms finite.

Prepare the source in \(\ket{11}_S\) and the bath in vacuum.
Swap an even-parity two-mode diary into the source:
\[
\ket0_C\mapsto\ket{00}_S,\qquad
\ket1_C\mapsto\ket{11}_S.
\]
The displaced carrier is the fixed state \(\ket{11}_D\).
The logical source states \(s_0,s_1\) have zero source energy
and coupling eigenvalues \(a_0=-1,a_1=1\).

For a declared packet projection \(P_{\mathfrak r}\), set
\[
\eta_i(t)=ga_i\frac{e^{-\ii\omega t}-1}{\omega}f(\omega),
\]
\[
\eta_{i,R}=P_{\mathfrak r}\eta_i,\qquad
\eta_{i,U}=(I-P_{\mathfrak r})\eta_i,
\]
\[
c_R=
\exp\left[-\frac12\norm{\eta_{0,R}-\eta_{1,R}}^2\right],
\qquad
z_R=\sqrt{1-c_R^2}.
\]
Radiation is the collected bath; the source, carrier, and uncollected
bath form the complete residual.

\begin{theorem}[Exact control accounting]
\label{thm:majorana}
The complete code vectors, up to a common phase, are
\[
V_t\ket{i}
=
\ket{\eta_{i,R}}_R
\otimes\ket{s_i}_S\ket{11}_D\ket{\eta_{i,U}}.
\]
They give
\[
\NN_t(\rho)=
\rho_{00}\kb{\eta_{0,R}}{\eta_{0,R}}+
\rho_{11}\kb{\eta_{1,R}}{\eta_{1,R}},
\]
and the exact formulas
\begin{equation}
\boxed{
\erec^R(t)=\frac{3-z_R}{4},\qquad
\erec^B(t)=\frac{1-c_R}{2},\qquad
\dleak(t)=
\max\left\{\frac12,\frac{1+2c_R}{4}\right\}.
}
\label{eq:majoranaexact}
\end{equation}
In particular, \(\erec^R\ge1/2\) and \(\dleak\ge1/2\).
The complete output is exactly reversible.
\end{theorem}

\begin{proof}
On source eigenvalue \(a_i\), let \(q_i=ga_i h_B^{-1}f\).
The Weyl identity gives
\[
H_B+ga_i\Phi(f)
=
\mathcal W(q_i)^\dagger H_B\mathcal W(q_i)
-g^2a_i^2\norm{h_B^{-1/2}f}^2I,
\]
where \(\mathcal W(q)=e^{a^\dagger(q)-a(q)}\).
The vacuum therefore evolves to the coherent amplitude
\((e^{-\ii th_B}-I)q_i=\eta_i(t)\).
The phase is common for \(a_i=\pm1\). Orthogonal packet
decomposition factors the coherent state.
Tracing the orthogonal source labels gives the radiation channel.

Its two pure output states have trace distance \(z_R\).
Their optimal equal-prior discrimination probability is
\((1+z_R)/2\), obtained by the positive part of their difference.
For any radiation decoder, its Bell overlap is
\[
F_e=
\frac14\left[
\bra0\DD(\sigma_0)\ket0+
\bra1\DD(\sigma_1)\ket1
\right]
\le\frac{1+z_R}{4}.
\]
The two diagonal decoder effects constitute a discrimination POVM.
The Bell-projector test gives error at least \((3-z_R)/4\).

Bath parity interchanges the two states, so an optimal discrimination
POVM can be symmetrized to have equal conditional errors.
Measurement followed by preparation of the inferred basis state
gives
\[
z_R\Delta_Z+(1-z_R)\TT_{I_2/2}.
\]
Its Pauli probabilities are
\[
p_I=p_Z=\frac{1+z_R}{4},\qquad
p_X=p_Y=\frac{1-z_R}{4}.
\]
Orthogonal Pauli Bell outputs and the triangle inequality give
half-diamond error \(1-p_I\), proving the radiation formula.

Define the isometry
\[
L_t\ket{i}=
\ket{s_i}_S\ket{11}_D\ket{\eta_{i,U}}.
\]
Then
\[
\CC_t=L_t\Delta_{c_R}(\,\cdot\,)L_t^\dagger.
\]
Retracting the range of \(L_t\) gives the dephasing recovery error
\((1-c_R)/2\), by the same upper bound and \(\ket+\), \(\ket-\)
lower bound used in Theorem~\ref{thm:rotation}.

Isometric embedding and CPTP retraction preserve leakage.
For \(\Delta_c\), Pauli covariance and convexity show that
twirling any candidate replacement state to \(I_2/2\) cannot
increase its distance. Relative to that replacement, the Pauli
coefficients, in order \(I,Z,X,Y\), are
\[
\frac{1+2c}{4},\quad
\frac{1-2c}{4},\quad-\frac14,\quad-\frac14.
\]
The half-diamond norm is half the sum of their absolute values:
a Bell input gives the lower bound and the triangle inequality
gives the upper bound. Hence
\[
\dleak=
\frac{3+2c+\abs{1-2c}}8
=
\max\left\{\frac12,\frac{1+2c}{4}\right\}.
\]
The complete columns are orthonormal, so global recovery follows
from Theorem~\ref{thm:global}.
\end{proof}

\nonclaim{Not a magic, scrambling, or gravitational certificate.}

The radiation obstruction is
\cite[\texttt{thm:four-majorana}]{CheungHawk04A};
the residual formulas are the refinements in
\cite{CheungHawk04B}. They are rederived here.

\subsection{The baseline prevents a magic-origin inference}

At \(g=0\), or at \(t=0\), collected radiation is vacuum and
\(c_R=1\). Therefore
\[
\erec^R=\frac34,\qquad
\erec^B=0,\qquad
\dleak=\frac34.
\]
Residual non-constancy is already maximal for a qubit at the
initial interface: the diary is retained in the inaccessible
source. Nonzero coupling is not the cause of that pre-existing
non-constancy.

As collected coherent states become more distinguishable,
the radiation error decreases and residual leakage can decrease.
Thus this control cannot establish that added non-Clifford
resources force added leakage.

No fixed qubit Pauli dictionary for the entire bosonic dynamics
has been declared, and no magic measure has been evaluated for it.
The control is commuting and uses no scrambling or out-of-time-order
estimate. It is a recovery obstruction, not a certificate of
non-local magic or geometric response.

If all bath modes are accessible,
\[
c_R(t)=
\exp\left[
-2g^2\int_\mu^\Lambda
\frac{1-\cos(\omega t)}{\omega^3}\dd\omega
\right].
\]
For a restricted packet space, a nonzero coupling need not produce
nonzero collected displacement at every chosen time.

The source energy remains zero, while
\[
E_B(t)=g^2\int_\mu^\Lambda
\frac{1-\cos(\omega t)}{\omega^2}\dd\omega,\qquad
E_I(t)=-E_B(t).
\]
This follows from coherent bath energy and total-energy conservation.
It is dressing of an initially undressed preparation, not a
gravitational evaporation law.

%=====================================================================
\section{Finite certificates and what they actually establish}
\label{sec:certificates}

\subsection{Choi and complementary-channel comparisons}

\begin{lemma}[Normalized Choi conversion]
\label{lem:choi}
For channels of input dimension \(d\),
\[
\ddia(\Phi,\Psi)
\le
\min\left\{1,\frac d2
\norm{J_{\mathrm n}(\Phi)-J_{\mathrm n}(\Psi)}_1\right\}.
\]
\end{lemma}

\begin{proof}
A normalized pure referenced input has the form
\((L\otimes I)\ket{\Phi_d}\), with
\(\Tr(L^\dagger L)=d\) and \(\norm L^2\le d\).
Multiplying the normalized Choi difference on both sides by \(L\)
bounds its trace norm by \(d\) times the Choi trace norm.
Convexity handles mixed inputs.
\end{proof}

\nonclaim{A conversion inequality only.}

For finite complementary channels, the KSW
information--disturbance theorem \cite[Theorem 3]{KSW} implies,
in the present half-diamond convention,
\begin{equation}
\frac{\dleak^2}{2}\le\erec^R\le\sqrt{2\dleak}.
\label{eq:KSW}
\end{equation}
Indeed, in full-diamond normalization the recovery-to-leakage
direction gives
\[
\inf_\sigma\norm{\CC-\TT_\sigma}_\diamond
\le
2\sqrt{\inf_{\DD}\norm{\DD\NN-\id}_\diamond},
\]
and the opposite direction gives the analogous bound with
recovery and leakage exchanged. Division by two yields
\eqref{eq:KSW}. This is a channel conversion, not a magic theorem
or a dynamical estimate.

\begin{theorem}[Certified response and certified quantum return]
\label{thm:certificate}
Suppose a finite prepared proxy is embedded access-preservingly
in a common output space and satisfies
\[
\ddia(\VV,\widehat\VV)\le b.
\]
Then
\[
\abs{\dleak-\widehat\dleak}\le b,\qquad
\abs{\erec^R-\widehat\erec^R}\le b.
\]

If a validated proxy pair witness gives
\[
\widehat x=
\dtr(\widehat\CC(\rho_0),\widehat\CC(\rho_1)),
\]
then
\[
\dleak\ge\max\{0,\widehat x/2-b\}.
\]
For a specified proxy replacement state, put
\[
e=\frac12\norm{
J_{\mathrm n}(\widehat\CC)
-\frac{I_Q}{d}\otimes\widehat\sigma}_1.
\]
Then
\[
\dleak\le\min\{a_d,de+b\},
\]
and a finite proxy decoder has a full extension satisfying
\[
\ddia(\DD\NN,\id_C)
\le\min\{a_d,\sqrt{2de}+b\}.
\]
The last bound means that one may choose the better of the
extended proxy decoder and the constant decoder.
\end{theorem}

\begin{proof}
Partial trace gives allowance \(b\) for both reduced channels.
A local isometric embedding has a CPTP retraction
\[
Y\longmapsto
J^\dagger YJ+
\Tr((I-JJ^\dagger)Y)\tau.
\]
Embedding and retracting decoders and replacement states preserve
the tasks. Lemma~\ref{lem:distances} therefore gives stability.

The pair-witness lower bound follows from
Lemma~\ref{lem:witness} and leakage stability.
The Choi estimate gives proxy leakage at most \(de\).
Equation~\eqref{eq:KSW} supplies a finite decoder of error
at most \(\sqrt{2de}\).
Extend it off the proxy support by fixed-state preparation.
Contraction adds \(b\). Lemma~\ref{lem:constant} supplies the cap.
\end{proof}

\nonclaim{Finite-channel certificates concern response and recovery, not magic.}

A specified decoder can instead be certified by its normalized
logical Choi error \(r\), giving allowance \(dr+b\).
CPTP feasibility must be validated, including positivity and
trace preservation on the entire finite input space.
An optimization objective alone is not such a certificate.

Finite-channel certificates concern response and recovery.
They do not certify magic unless a separate fixed-frame resource
calculation is supplied.

\subsection{A finite-time microscopic allowance}

For completeness, the regulator used by the source--scalar
architecture can be stated independently of the magic claims.
Let the source be finite dimensional, let \(H_S\) be bounded,
and let
\[
H=H_S+\dd\Gamma(h_B)+
\sum_a g_a A_a\otimes\Phi(f_a),
\]
with self-adjoint bounded \(A_a\), vacuum bath preparation, and
\(\mu I\le h_B\le\Lambda I\).
Define
\[
G=\sum_a\abs{g_a}\norm{A_a}\norm{f_a},\qquad
Z_m(x)=\sum_{\ell=m+1}^\infty\frac{x^\ell}{\sqrt{\ell!}}.
\]

\begin{proposition}[Finite-time prepared-channel regulator]
\label{prop:regulator}
For finitely many declared packets, occupation cutoff \(m\),
frequency bins of width at most \(\Delta\), and \(0\le t\le T\),
one can construct a finite active proxy with
\[
\ddia(\VV_t,\widehat\VV_t)
\le
\min\left\{
1,\,
2Z_m(2GT)+\frac{Tm\Delta}{2}
\right\}.
\]
The embedding preserves the accessible--inaccessible partition.
\end{proposition}

\begin{proof}
In interaction picture, on occupation at most \(k\),
\[
\norm{V_I(s)\psi}\le2G\sqrt{k+1}\norm\psi.
\]
An \(\ell\)-fold product starting from vacuum has norm at most
\((2G)^\ell\sqrt{\ell!}\).
Ordered integration gives Dyson-term bound
\((2Gt)^\ell/\sqrt{\ell!}\), uniformly over code--reference inputs.
These series converge also after multiplication by any fixed
occupation power; since \(h_B\) is bounded, termwise differentiation
on prepared vectors identifies the series with the self-adjoint
evolution.

Compression to occupation at most \(m\) leaves all terms through
order \(m\) unchanged. Higher terms in either series obey the same
bound, giving prepared-isometry difference at most \(2Z_m(2GT)\).

Replace frequency by the midpoint of each bin.
The one-particle operator difference has norm at most \(\Delta/2\);
on occupation at most \(m\), its second quantization has norm
at most \(m\Delta/2\). Duhamel's formula adds \(Tm\Delta/2\).

The span of the bin-restricted form factors and packet functions
is finite dimensional and invariant under the midpoint operator.
Modes orthogonal to it stay in vacuum. Its total-occupation
cutoff is therefore a finite active proxy.
The total cutoff embeds in separate collected and uncollected
cutoff Fock spaces; it is not equal to their full tensor product.
The source and displaced carrier remain in the residual.

Lemma~\ref{lem:distances} converts prepared-isometry error to the
complete-channel allowance.
\end{proof}

\nonclaim{The infrared and ultraviolet cutoffs are not removed.}

This is the finite-time comparison discipline of
\cite{CheungHawk02E,CheungHawk04B}.
It does not remove the infrared or ultraviolet cutoffs.
Separate finite qubit dictionaries preserve the channel task but
do not construct a local physical receiver or transport a
magic classification automatically.

Compatible half-diamond preparation, collection, and implementation
allowances telescope under CPTP composition
\cite{CheungEn02B,CheungEn02C}. The flagged-cutoff equalities in
\cite{CheungEn02E} retain their commuting-state hypotheses.
A discarded probability is not a generic coherent-channel error.

%=====================================================================
\section{What would be needed for a geometric interpretation}
\label{sec:geometry}

\subsection{A declared geometric subsystem is additional data}

Suppose a physical model identifies
\[
B=G\otimes E
\]
and specifies a collection \(\mathscr O_G\) of bounded Hermitian
observables intended to represent geometric quantities.
Define
\[
\CC_G=\Tr_E\CC.
\]
This declaration is stronger than merely naming \(B\) ``geometry.''

\begin{proposition}[Observable geometric response is a stronger witness]
\label{prop:geometrywitness}
If some \(O_G\in\mathscr O_G\), with \(\norm O_G\le1\), and some
code states satisfy
\[
\Tr\bigl(O_G\CC_G(\rho_0-\rho_1)\bigr)\ne0,
\]
then the complete residual is nonconstant and exact whole-code
recovery from \(R\) is impossible.

The converse is false.
\end{proposition}

\begin{proof}
Lift the observable to \(O_G\otimes I_E\) and apply
Lemma~\ref{lem:witness} and Theorem~\ref{thm:exact}.

For the converse, take
\[
V\ket\psi=
\ket0_R\ket{\mathrm{vac}}_G\ket\psi_E.
\]
The complete residual recovers the diary and is nonconstant,
but \(\CC_G=\TT_{\kb{\mathrm{vac}}{\mathrm{vac}}}\).
Every declared geometric observable is input independent.
\end{proof}

\nonclaim{No observable is identified as geometric by this proposition; Theorem~\ref{thm:factor} gives the classification.}

This counterexample also shows why vanishing source energy next
to an inaccessible diary memory does not imply residual
independence \cite{CheungHawk02E}.
Choose \(H_G\ket{\mathrm{vac}}=0\); its energy is always zero
despite complete residual response.

\subsection{Entropic rigidity is not a universal geometry theorem}

In finite dimension, the exact normal form gives
\[
S(\NN(\rho))=S(\rho)+S(\sigma_K).
\]
The additive syndrome entropy is independent of the logical input.
This follows directly from tensor-product entropy and isometric
invariance.

Conversely, a selected entropy does not locate the code.
For
\[
V_{\mathrm{good}}\psi=\psi_R\ket0_B,\qquad
V_{\mathrm{bad}}\psi=\ket0_R\psi_B,
\]
both radiation entropies vanish on every pure code input.
Their radiation recovery errors are \(0\) and \(a_d\).
An entropy identity alone is not the complete complementary-channel
criterion.

Cao's area-operator result concerns stabilizer codes with the
specified complementary operator-algebra structure, not arbitrary
Clifford channels \cite{Cao2024}.
The skewed-code analysis of Cao and collaborators relates
leading proto-area entropy corrections to a specially defined
perturbative tripartite Choi magic under its subsystem and
perturbation assumptions \cite{CaoEtAl2026}.
Neither statement equates generic complete residual non-constancy
with geometric backreaction.

The syndrome counterexample in
Theorem~\ref{thm:NLcounterexample} has bipartite magic but no
logical response. It therefore does not contradict a theorem
whose resource is a more restricted matter--geometry tripartite
coupling. It demonstrates why those restrictions matter.

\subsection{The corrected conditional bridge}

\begin{corollary}[A valid conditional operational bridge]
\label{cor:bridge}
Fix a physical code, complete preparation, unitary deformation,
and access partition. Suppose:
\begin{enumerate}[label=\textup{(\roman*)}]
\item a residual subsystem or observable is justified as geometric
by an independent same-model dictionary;
\item the deformation has a nonzero response witness in that
observable, such as the coefficient in
Theorem~\ref{thm:linearresponse};
\item any claimed magic resource is independently defined and
certified in the same carrier convention.
\end{enumerate}
Then the certified observable responds to the declared code inputs,
the complete complement is nonconstant, and exact whole-code
radiation recovery is obstructed.

The magic certificate does not replace the response witness or
the geometric dictionary.
\end{corollary}

\begin{proof}
The response witness and the dictionary identify the intended
observable variation. Proposition~\ref{prop:geometrywitness}
gives nonconstancy and the exact-recovery obstruction.
\end{proof}

\nonclaim{No metric equation, stress--energy identification, backreaction law, or physical endpoint is supplied; see Theorem~\ref{thm:bridge-sharp} for which hypothesis buys which conclusion.}

A metric equation, stress--energy identification, backreaction law,
and physical endpoint require further same-model constructions.
None is supplied by this corollary.

Likewise, a continuum claim about vacuum magic is not a finite
carrier leakage theorem. For example, the thermodynamic-limit
magic analysis of \cite{Moosa2026} concerns a different algebraic
setting. Even if a particular vacuum resource theorem is applicable,
a bridge to this task still needs a preparation channel, a finite
dictionary, a complete residual, and a response estimate.
No intrinsic-magic claim for a Lorentz-invariant vacuum is used
as a premise here.

%=====================================================================
\section{Endpoint continuity and recurrence}
\label{sec:endpoints}

\subsection{Access-preserving limits}

For time-dependent partitions \(R_tB_t\), let
\[
J_{R,t}:R_t\to R_\infty,\qquad
J_{B,t}:B_t\to B_\infty
\]
be local isometries, and put
\[
\overline V_t=(J_{R,t}\otimes J_{B,t})V_t.
\]
These do not move an inaccessible diary factor into radiation.

\begin{theorem}[Finite-code endpoint continuity]
\label{thm:endpoint}
If \(\overline V_t\ket{i}\to V_\infty\ket{i}\) on a code basis,
then \(V_\infty\) is an isometry and
\[
a_t=\norm{\overline V_t-V_\infty}\to0.
\]
Complete and reduced channels converge in half-diamond distance
with allowance \(a_t\), and
\[
\abs{\dleak(t)-\dleak(\infty)}\le a_t.
\]
Thus a proved limit \(\dleak(t)\to0\) gives exact endpoint
recovery from radiation.
\end{theorem}

\begin{proof}
Finite-dimensionality of the code gives
\[
\norm{\overline V_t-V_\infty}^2
\le\sum_i\norm{(\overline V_t-V_\infty)\ket{i}}^2\to0.
\]
Inner products pass to the limit.
Lemma~\ref{lem:distances} gives channel convergence.
Local embeddings preserve leakage by the CPTP retraction used
in Theorem~\ref{thm:certificate}.
Zero endpoint leakage implies exact constancy by
Lemma~\ref{lem:witness}; apply Theorem~\ref{thm:exact}.
\end{proof}

\nonclaim{No gravitational endpoint and no Page curve is constructed (Theorem~\ref{thm:not-page}).}

This is the access-preserving endpoint interface in
\cite{CheungHawk04A,CheungHawk04B}.
A unitary swapping \(R\) and \(B\) changes the recovery task and
is not an admissible local identification.

If the endpoint residual is fixed pure, endpoint radiation is
an isometric encoding. A mixed fixed residual gives the syndrome
normal form. An infinite endpoint syndrome need not admit a
finite decoder program.

\subsection{Fixed finite proxies return}

\begin{proposition}[Recurrence is an arbitrarily late obstruction]
\label{prop:recurrence}
For a fixed finite-dimensional autonomous Hamiltonian, there are
arbitrarily late times at which its prepared complete channel is
arbitrarily close to its initial channel.

If initially accessible radiation is fixed vacuum and the complete
prepared map is an isometry, then
\[
\limsup_{t\to\infty}\erec^R(t)=a_d,\qquad
\limsup_{t\to\infty}\dleak(t)=a_d.
\]
These statements do not assert positive leakage at every time.
\end{proposition}

\begin{proof}
The finitely many spectral phases evolve in a compact torus.
Simultaneous recurrence gives arbitrarily late unitary returns
to the identity; periodic cases use multiples of a period.
Lemma~\ref{lem:distances} gives prepared-channel returns.

At time zero, radiation is constant, so its recovery error is
\(a_d\). The complete isometry with pure fixed radiation has an
isometric residual encoding, whose leakage is \(a_d\) by
Lemma~\ref{lem:constant} and isometric invariance.
Distance stability gives both values along the recurrence sequence.
The universal upper bounds in Lemma~\ref{lem:constant} give
the limsup equalities.
\end{proof}

\nonclaim{Neither positive leakage at every time nor monotone leakage is asserted.}

This is the fixed-proxy obstruction of
\cite[\texttt{prop:recurrence}]{CheungHawk02E},
refined using the complete-channel distances.
It gives recurrent nonresponse failure when the initial task has
that failure. It neither proves monotone leakage nor identifies
its origin as magic.

A finite acyclic program denoting \(U(t)\) terminates at each fixed
\(t\). That syntactic fact proves no asymptotic endpoint, no
permanent release, and no disappearance of \(B\).
A finite-time regulator must precede a controlled outgoing limit.

%=====================================================================
\section{Checkable criteria and typed refusals (new in v2)}
\label{sec:criteria}

This section adds eight theorems. Each is local to the finite carrier
and is proved here. Cited sheets of the corpus are source records.
\SRline\ \NQCline

Throughout, \(V:C\to R\otimes B\) is an isometry, \(C\simeq\C^d\),
\(\CC=\Tr_R\VV\), \(\NN=\Tr_B\VV\), and \(\dleak\), \(\erec^R\) are
\eqref{eq:leakage} and \eqref{eq:recovery}. A \emph{declared
geometric factor} is a unitary identification \(B\simeq G\otimes E\)
together with a set \(\mathscr O_G\) of bounded Hermitian observables
on \(G\); its \emph{witnesses} are the numbers
\[
w(O_G;\rho_0,\rho_1)=
\Tr\bigl(O_G\,\CC_G(\rho_0-\rho_1)\bigr),
\qquad \CC_G=\Tr_E\CC .
\]
The trivial readings are excluded: a scalar \(O_G\) or
\(\dim G=1\) has zero witness for every \(V\) and is not counted.

%---------------------------------------------------------------------
\subsection{Residual response never forces a geometric factor}

\begin{theorem}[Geometric factors: criterion, existence, and exact scope]
\label{thm:factor}
Let \(V:C\to R\otimes B\) have nonconstant complete complement.
\begin{enumerate}[label=\textup{(\alph*)}]
\item \emph{Criterion.} For a declared factor \(B\simeq G\otimes E\)
and a bounded Hermitian \(O_G\), all witnesses of \(O_G\) vanish if
and only if
\[
V^\dagger(I_R\otimes O_G\otimes I_E)V\in\R\,I_C .
\]
All witnesses of all observables on \(G\) vanish, that is
\(\CC_G\) is constant, if and only if one CPTP decoder on
\(R\otimes E\) recovers the entire code exactly.
\item \emph{No forced factor.} For every Hilbert space \(G\) with
\(\dim G\ge2\) and every unit vector \(g_0\in G\), the carrier
\[
V^{G}\ket\psi=V\ket\psi\otimes\ket{g_0}_G,
\qquad B^{G}=B\otimes G,\quad E:=B,
\]
has the same radiation channel \(\NN\), the same
\(\erec^R\), and
\(\dleak(V^{G})=\dleak(V)>0\). Its complete complement still responds,
while \(\CC_G=\TT_{\kb{g_0}{g_0}}\): every Hermitian \(O_G\), scalar or
not, has zero witness.
\item \emph{Exact scope on a fixed residual.} Let \(\dim B=n<\infty\).
\begin{enumerate}[label=\textup{(c\arabic*)}]
\item A nontrivial blind factor of \(B\) itself
(\(B\simeq G\otimes E\), \(\dim G\ge2\), \(\CC_G\) constant) exists if
and only if some such identification makes the code exactly
recoverable from \(R\otimes E\). None exists if \(n\) is prime, and
none exists for \(V_{\mathrm{bad}}\ket\psi=\ket0_R\ket\psi_B\) with
\(n=d\), for any \(d\ge2\).
\item If \(n\ge d+1\), there is a non-scalar Hermitian \(O\) on \(B\)
whose witnesses all vanish. For \(n\le d\) this can fail:
for \(V_{\mathrm{bad}}\) only scalar observables have vanishing
witnesses.
\end{enumerate}
\item \emph{Converse.} If some declared \(O_G\) has a nonzero witness,
exact whole-code recovery from \(R\) is impossible.
\end{enumerate}
\end{theorem}

\begin{proof}
(a) By duality,
\(w(O_G;\rho_0,\rho_1)=\Tr\bigl(V^\dagger(I_R\otimes O_G\otimes I_E)V
(\rho_0-\rho_1)\bigr)\). Differences of states span the traceless
Hermitian operators on \(C\), and a Hermitian operator that is
orthogonal to all of them is a real multiple of \(I_C\).
The second statement is Theorem~\ref{thm:exact}, (i)\(\Leftrightarrow\)(ii),
applied to the same isometry with accessible output \(R\otimes E\)
and residual \(G\). No new recovery theorem is used.

(b) \(\VV^{G}(X)=\VV(X)\otimes\kb{g_0}{g_0}\). Tracing \(B\) and \(G\)
gives \(\NN\), so the recovery task on \(R\) is unchanged. The new
complement is \(\CC\otimes\kb{g_0}{g_0}\). The map
\(Y\mapsto Y\otimes\kb{g_0}{g_0}\) is an isometric CPTP embedding with
CPTP retraction \(\Tr_G\), so replacement states, distances, and
\(\dleak\) are preserved, as in Theorem~\ref{thm:certificate}.
Tracing \(E=B\) gives \(\CC_G(X)=\Tr(X)\kb{g_0}{g_0}\).

(c1) The first sentence restates (a) for \(B\) fixed. If \(n\) is
prime, \(\dim G\in\{1,n\}\); \(\dim G=n\) forces \(\dim E=1\) and
\(\CC_G\simeq\CC\), which is nonconstant. For \(V_{\mathrm{bad}}\),
\(\CC=\id\) up to the identification, so for every \(B\simeq G\otimes E\)
with \(\dim G\ge2\), \(\CC_G=\Tr_E\circ\Ad_W\) for a unitary \(W\),
which is surjective onto the states of \(G\) and not constant.

(c2) The compression
\(\Gamma(O)=V^\dagger(I_R\otimes O)V-d^{-1}\Tr\bigl(V^\dagger(I_R\otimes O)V\bigr)I_C\)
is a real-linear map from the \(n^2\)-dimensional space of Hermitian
operators on \(B\) into the \((d^2-1)\)-dimensional space of traceless
Hermitian operators on \(C\). Its kernel contains \(I_B\) and has
dimension at least \(n^2-d^2+1\), which is at least \(2\) exactly when
\(n>d\). A kernel element that is not a multiple of \(I_B\) has zero
witnesses by (a). For \(V_{\mathrm{bad}}\), \(\Gamma(O)=O-d^{-1}\Tr(O)I\),
whose kernel is \(\R I\).

(d) A nonzero witness makes \(V^\dagger(I_R\otimes O_G\otimes I_E)V\)
non-scalar. Theorem~\ref{thm:exact}, (v)\(\Rightarrow\)(i) fails.
This is the first half of Proposition~\ref{prop:geometrywitness}.
\end{proof}

\nonclaim{Theorem~\ref{thm:factor} does not say that any factor is
geometric, and it does not say that the plan's literal sentence holds
for a fixed residual: by (c), for \(V_{\mathrm{bad}}\) or prime
\(\dim B\) no nontrivial blind factor of \(B\) exists. The universal
form (b) adjoins a fixed factor. Discard is not deletion: \citeSR[\texttt{thm:drop}]{CheungHawk04B}.
En04-B's hosted \texttt{thm:blind} \citeSR{CheungEn04B} is not imported.}

\begin{remark}[Plan correction PC-1]
\label{rem:pc-factor}
The plan states that for every isometry with nonconstant complement
there is a factorization \(B=G\otimes E\) with nonempty \(\mathscr O_G\)
of vanishing witnesses. Read literally this is true only trivially
(\(\dim G=1\) or scalar observables). With \(\dim G\ge2\) and a
non-scalar observable required, it holds after adjoining a fixed factor
(b), on \(B\) itself exactly under the recovery condition (c1), and for
single non-scalar observables whenever \(\dim B>d\) (c2). It fails for
\(V_{\mathrm{bad}}\) and for prime \(\dim B\) in the full-factor form.
\end{remark}

%---------------------------------------------------------------------
\subsection{The conditional bridge: which hypothesis buys which conclusion}

Split the conclusion of Corollary~\ref{cor:bridge} into three typed
parts:
\begin{description}[leftmargin=3em,labelwidth=2.4em,style=sameline]
\item[(C1)] the complete complement is nonconstant and exact whole-code
radiation recovery is obstructed;
\item[(C2)] a dictionary-declared geometric observable responds to the
declared code inputs;
\item[(C3)] that response is accompanied by an independently certified
non-Clifford resource in the same carrier convention.
\end{description}
(C3) is the content of the original slogan; (C1) and (C2) are what
Corollary~\ref{cor:bridge} prints.

\begin{theorem}[Sharpness of the conditional bridge]
\label{thm:bridge-sharp}
Let \textup{(i)} be the same-model dictionary, \textup{(ii)} the nonzero
witness in the declared observable, and \textup{(iii)} the resource
certificate of Corollary~\ref{cor:bridge}.
\begin{enumerate}[label=\textup{(\alph*)}]
\item A nonzero witness in any residual observable gives (C1);
(i) and (ii) give (C2); (i), (ii), and (iii) give (C3).
\item \emph{Drop (i).} On the single carrier
\(V_\theta^{G}=V_\theta\otimes\ket0_G\), \(0<\theta<\pi/2\), with
\(V_\theta\) from \eqref{eq:rotationisometry}, the residual witness
\(\Tr\bigl(Z_E\,\CC_E(\kb00-\kb11)\bigr)=2\sin^2\theta\neq0\) and the
certificate \textup{(iii)} (\(U_\theta\) non-Clifford,
Theorem~\ref{thm:rotation}) both hold. The declaration ``\(E\) is
geometric'' gives (C2); the declaration ``\(G\) is geometric'' gives
not-(C2). Without (i), (C2) is not determined.
\item \emph{Drop (ii).} With the declaration ``\(G\) is geometric'' on
the same carrier, (i) and (iii) hold, every witness on \(G\) vanishes,
and (C2) and (C3) fail while (C1) holds.
\item \emph{Drop (iii).} For the Clifford copier
\(V_{\mathrm{copy}}\ket i=\ket i_R\ket i_B\) with the declaration
``\(B\) is geometric'', (i) and (ii) hold
(\(\Tr(Z_B\CC(\kb00-\kb11))=2\)), so (C1) and (C2) hold, but (C3)
fails: \(V_{\mathrm{copy}}\) has a Clifford dilation and a stabilizer
Choi state.
\end{enumerate}
\end{theorem}

\begin{proof}
(a) Lemma~\ref{lem:witness} and Theorem~\ref{thm:exact} give (C1) from
any nonzero residual witness. (C2) is the conjunction of (i) and (ii).
(C3) adds (iii) by definition.

(b), (c) The residual columns of \(V_\theta\) are \(\ket0\) and
\(\ket{b_\theta}\), so
\(\Tr(Z(\kb00-\kb{b_\theta}{b_\theta}))=1-\cos2\theta=2\sin^2\theta\).
By Theorem~\ref{thm:factor}(b), \(\CC_G\) is constant.
Theorem~\ref{thm:rotation} certifies that \(U_\theta\) is non-Clifford
for \(0<\theta<\pi/2\). The two declarations are made on one and the
same carrier, so the carrier, its witness on \(E\), and its resource
certificate cannot select between them.

(d) \(V_{\mathrm{copy}}=\mathrm{CNOT}(\,\cdot\,\otimes\ket0)\). The
residual columns are \(\ket0,\ket1\). The Choi vector
\((\ket{000}+\ket{111})/\sqrt2\) is a stabilizer state. By
Lemma~\ref{lem:cliffdil} no non-Clifford resource is present in the
declared frame.
\end{proof}

\nonclaim{Theorem~\ref{thm:bridge-sharp} supplies no dictionary and no
resource certificate. OpenAI Families 265, 272, 276, and 280
\citeSR{OAI265,OAI272,OAI276,OAI280} are not this dictionary and not this
certificate. The two declarations in (b) are hypothetical labels, not
physical identifications.}

\begin{remark}[Plan correction PC-2]
\label{rem:pc-bridge}
The plan asks that each of the three hypotheses of
Corollary~\ref{cor:bridge} be necessary for its conclusion. For the
printed conclusion, (C1) and (C2), hypothesis (iii) is not used
(the corollary itself says that the certificate replaces neither the
witness nor the dictionary), and (C1) needs only a residual witness.
Each of (i), (ii), (iii) is necessary for (C3). This is the form proved.
\end{remark}

%---------------------------------------------------------------------
\subsection{Leakage is not a function of a declared magic label}

The resource labels need a qubit frame. Let \(d=2^k\), and fix qubit
frames on \(C\), \(R\), \(B\); for other \(d\) a padding convention as
in Section~\ref{sec:typing} must be declared first. A \emph{Clifford
dilation} of \(V\) is a Clifford unitary \(U\) with
\(V\ket\psi=U(\ket\psi\otimes\ket{0^m})\).

\begin{lemma}[Clifford dilations preserve stabilizer inputs]
\label{lem:cliffdil}
If \(V\) has a Clifford dilation, \(V\) maps every pure stabilizer
input to a pure stabilizer output, and its normalized Choi vector
\((I_Q\otimes V)\ket{\Phi_d}\) is a stabilizer state. Consequently, if
\(V\) maps one stabilizer input to a nonstabilizer vector, \(V\) has no
Clifford dilation.
\end{lemma}

\begin{proof}
\(\ket s\otimes\ket{0^m}\) is a stabilizer state; Clifford unitaries
normalize the Pauli group and so map stabilizer groups to stabilizer
groups. For the Choi vector, \(\ket{\Phi_d}\) is a stabilizer state and
\(I_Q\otimes U\) is Clifford.
\end{proof}

\nonclaim{Lemma~\ref{lem:cliffdil} is a one-way test; it is not a
synthesis or compilation theorem.}

The three labels, made well defined for isometries:
\begin{enumerate}[label=\textup{(L\arabic*)}]
\item \emph{Clifford flag}: \(\mathsf{Cl}(V)=1\) if \(V\) has a Clifford
dilation, and \(0\) otherwise.
\item \emph{T-count}. A T-count belongs to a circuit, not to a channel:
\(T^2=S\) and \(TT^\dagger=I\) give different counts for Clifford
isometries. Two well-defined versions are used: the declared count
\(t(\mathsf c)\) of a declared Clifford\(+T\) circuit \(\mathsf c\), and
the minimal count \(\tau(V)\in\{0,1,2,\dots\}\cup\{\infty\}\) over all
exact Clifford\(+T\) circuits with \(\ket0\) ancillas. Here \(\tau(V)=0\)
if and only if \(\mathsf{Cl}(V)=1\).
\item \emph{Stabilizer-entropy bin}:
\(M_2(V)=-\log_2\bigl(2^{-n}\sum_P\bra{\Psi_V}P\ket{\Psi_V}^4\bigr)\)
for the normalized Choi vector \(\Psi_V\) on \(n\) qubits, read through a
declared partition of \([0,\infty)\) into intervals (bins).
It is phase invariant and therefore a function of \(V\).
\end{enumerate}

\begin{theorem}[Magic-label fibres]
\label{thm:magic-fibre}
Fix \(d=2^k\ge2\) and the output frames. Let the data be the code
dimension, the output spaces and frames, and one declared label from
\textup{(L1)--(L3)}. Then:
\begin{enumerate}[label=\textup{(\alph*)}]
\item \emph{Flag.} Each fibre \(\mathsf{Cl}=1\) and \(\mathsf{Cl}=0\)
contains carriers with \(\dleak=0\) and \(\dleak=\tfrac12\).
\item \emph{T-count.} For every declared circuit count \(t\ge0\), and for
each minimal count \(\tau\in\{0,1\}\), the fibre contains carriers with
\(\dleak=0\) and \(\dleak=\tfrac12\).
\item \emph{Stabilizer entropy.} For every \(\mu\ge0\) there are
carriers with \(M_2=\mu\) exactly, the same output spaces, and
\(\dleak=0\) and \(\dleak=\tfrac12\). Hence every bin is such a fibre.
\item \emph{Indicator error.} On each of these fibres, every
\([0,1]\)-valued report \(F\) of the indicator
\(\mathbf 1[\dleak>0]\) has worst-case absolute error at least
\(\tfrac12\); the constant report \(\tfrac12\) attains it. The same
holds in expectation for randomized \(\{0,1\}\) reports. For \(\dleak\)
itself, the worst-case absolute error is at least \(\tfrac14\).
\end{enumerate}
\end{theorem}

\begin{proof}
Work with \(k=1\); for \(k>1\) pass the extra \(k-1\) logical qubits
to \(R\) unchanged. That adds Bell pairs to the Choi vector
(\(M_2\) is additive and zero on them), keeps (L1) and (L2), and
does not change \(\dleak\): precomposition with the partial trace is
a contraction, and restriction to product inputs gives the reverse
inequality.

For a phase gate \(P(a)=\diag(1,e^{\ii a})\), set
\[
V_a^{0}\ket\psi=P(a)\ket\psi_R\ket0_B,\qquad
V_a^{1}=(P(a)_R\otimes I_B)V_{\mathrm{copy}} .
\]
Then \(\CC(V_a^0)\) is constant and \(\CC(V_a^1)=\Delta_Z\), so
\(\dleak=0\) and \(\dleak=\tfrac12\) by
Proposition~\ref{prop:independence}.

(a) \(\mathsf{Cl}=1\): \(V_0^0\) and \(V_0^1=V_{\mathrm{copy}}\).
\(\mathsf{Cl}=0\): \(V_T=V_{\pi/4}^0\) and \(V_{\pi/4}^1\). On the
stabilizer input \(\ket+\) these give \(T\ket+\otimes\ket0\) and
\((\ket{00}+e^{\ii\pi/4}\ket{11})/\sqrt2\), neither a stabilizer state
(their Pauli spectra contain the values \(\pm2^{-1/2}\)); apply
Lemma~\ref{lem:cliffdil}.

(b) Declared count \(t\): the diagonal circuit
\(D_t=\dots T^\dagger T\) with \(t\) alternating factors, followed or not by
\(\mathrm{CNOT}_{C\to B}\). Diagonal gates commute with the CNOT control,
so the two complements are constant and \(\Delta_Z\).
Minimal count: \(\tau=0\) is (a) with \(\mathsf{Cl}=1\).
For \(\tau=1\): \(V_{\pi/4}^0\) and \(V_{\pi/4}^1\) each have a circuit
with one \(T\), and \(\tau\ge1\) by (a).

(c) For \(\mathrm{GHZ}_n(a)=(\ket{0^n}+e^{\ii a}\ket{1^n})/\sqrt2\), the
nonzero Pauli expectations are \(1\) on the \(2^{n-1}\) even
\(Z\)-strings and \(\cos(a-j\pi/2)\) on the strings with \(X\) or \(Y\)
on every qubit and \(j\) factors \(Y\). Hence
\[
\sum_P\langle P\rangle^4=2^{n-1}\bigl(1+\cos^4a+\sin^4a\bigr),
\qquad
M_2=-\log_2\frac{1+\cos^4a+\sin^4a}{2},
\]
independently of \(n\). The Choi vector of \(V_a^0\) is
\(\mathrm{GHZ}_2(a)\otimes\ket0\), and that of \(V_a^1\) is
\(\mathrm{GHZ}_3(a)\). So the two carriers have equal \(M_2\), which
increases continuously from \(0\) at \(a=0\) to \(\log_2(4/3)\) at
\(a=\pi/4\). Appending the fixed state \((T\ket+)^{\otimes j}\) to \(R\) in
both adds exactly \(j\log_2(4/3)\) to \(M_2\) and leaves \(\dleak\)
unchanged, by the embedding argument of Theorem~\ref{thm:factor}(b) on
the radiation side. The intervals \([j,j+1]\log_2(4/3)\) cover
\([0,\infty)\).

(d) This is the two-point fibre argument: if \(F\) is constant on a
fibre containing indicator values \(0\) and \(1\), then
\(\max\{|F-0|,|F-1|\}\ge\tfrac12\). The same argument applied to the
\(\dleak\) values \(0\) and \(\tfrac12\) gives \(\tfrac14\).
\end{proof}

\nonclaim{Theorem~\ref{thm:magic-fibre} evaluates no magic monotone
beyond the declared labels, asserts no lower bound on minimal T-count
above \(1\), and identifies no label with a geometric resource.
Big01-A \texttt{thm:fibre} \citeSR{CheungBig01A} is the pattern and is
not applied to a host. Big04-A-coeff \texttt{thm:C-adaptive}
\citeSR{CheungBig04Acoeff} is the parallel statement for a different slot
(a coefficient \(\kappa\)); neither fills this one.}

\begin{remark}[Plan corrections PC-3, PC-4]
\label{rem:pc-magic}
PC-3: the labels need a qubit frame, so the theorem is stated for
\(d=2^k\); other \(d\) require a declared padding. PC-4: ``T-count'' is
a circuit property; it is replaced by the declared count of a declared
circuit or by the minimal count \(\tau\). The plan's two points, the
rotation family (\(0<\theta<\pi/2\)) and the local non-Clifford
example, do lie in the fibre \(\mathsf{Cl}=0\) with leakages
\(\sin\theta/2\) and \(0\); for the stabilizer-entropy label they need
not share a bin, so the pair \(V^0_a,V^1_a\), with exactly equal
\(M_2\), is used.
\end{remark}

%---------------------------------------------------------------------
\subsection{The first-order witness is not necessary}

\begin{lemma}[Two-state basis complements]
\label{lem:cq}
If \(d=2\) and \(\CC(\rho)=\rho_{00}\sigma_0+\rho_{11}\sigma_1\) for
states \(\sigma_0,\sigma_1\), then
\(\dleak=\tfrac12\dtr(\sigma_0,\sigma_1)\).
\end{lemma}

\begin{proof}
The lower bound is \eqref{eq:pairwitness}. For the upper bound, use
\(\bar\sigma=(\sigma_0+\sigma_1)/2\): a referenced input gives the
difference \(\sum_iX_i\otimes(\sigma_i-\bar\sigma)\) with positive
diagonal reference blocks \(X_i\), \(\sum_i\Tr X_i=1\), whose trace
norm is at most \(\dtr(\sigma_0,\sigma_1)\). This is the argument of
Theorem~\ref{thm:rotation}.
\end{proof}

\nonclaim{Lemma~\ref{lem:cq} is stated for qubit codes only.}

\begin{theorem}[A purely second-order response]
\label{thm:second-order}
Let \(R=R_0R_1\) and \(B\) be qubits, \(V_0\ket\psi=\ket\psi_{R_0}\ket0_{R_1}\ket0_B\),
\[
K=\kb11_{R_0}\otimes X_{R_1}\otimes X_B,\qquad
V_\lambda=e^{-\ii\lambda K}V_0 .
\]
Then \(V_0\) has constant complement, and for every code pair and
every residual observable the first-order coefficient \(m\) of
Theorem~\ref{thm:linearresponse} vanishes; indeed
\(\tfrac{\dd}{\dd\lambda}\CC_\lambda\big|_{\lambda=0}=0\) identically.
Exactly,
\[
\CC_\lambda(\rho)=\rho_{00}\kb00+\rho_{11}
\bigl(\cos^2\!\lambda\,\kb00+\sin^2\!\lambda\,\kb11\bigr),
\]
\begin{equation}
\boxed{\dleak(V_\lambda)=\frac{\sin^2\lambda}{2},\qquad
\erec^R(V_\lambda)=\frac{1-\cos\lambda}{2}.}
\label{eq:secondorderexact}
\end{equation}
So \(\dleak>0\) for \(0<\abs\lambda<\pi\), with leading term
\(\lambda^2/2\).
\end{theorem}

\begin{proof}
\(K^2=\kb11\otimes I\otimes I\), so
\(e^{-\ii\lambda K}=\kb00\otimes I+\kb11\otimes
(\cos\lambda\,I-\ii\sin\lambda\,X\otimes X)\).
Hence \(V_\lambda\ket0=\ket{000}\) and
\(V_\lambda\ket1=\cos\lambda\ket{100}-\ii\sin\lambda\ket{111}\).
Tracing \(R_0R_1\) gives the displayed \(\CC_\lambda\): the coherence
term carries \(\langle0|1\rangle_{R_0}=0\). The first derivative at
\(0\) is zero since \(\cos^2\) and \(\sin^2\) have zero derivative there.
Lemma~\ref{lem:cq} gives \(\dleak=\tfrac12\sin^2\lambda\).

The radiation outputs are
\(\NN_\lambda(\rho)=\rho_{00}\kb{00}{00}
+\rho_{11}(\cos^2\!\lambda\kb{10}{10}+\sin^2\!\lambda\kb{11}{11})
+\cos\lambda(\rho_{01}\kb{00}{10}+\text{h.c.})\).
The decoder \(\ket{00}\mapsto\ket0\), \(\ket{10},\ket{11}\mapsto\ket1\)
(completed by a fixed state) yields \(\Delta_{\cos\lambda}\), whose error
is \((1-\cos\lambda)/2\) by Theorem~\ref{thm:rotation}. Conversely, the
outputs of \(\ket\pm\) have trace distance \(\cos\lambda\), and the
\(\ket\pm\) argument of Theorem~\ref{thm:rotation} gives
\(1\le2\varepsilon+\cos\lambda\).
\end{proof}

\nonclaim{The model is a finite qubit construction. It is not a
continuum deformation, and the exponent \(2\) is a property of this
coupling, not a universal law.}

\begin{proposition}[Second-order witness]
\label{prop:secondorder}
In the setting of Theorem~\ref{thm:linearresponse}, suppose
\(\Tr_R[K,V_0XV_0^\dagger]=0\) for every traceless \(X\). For a code
pair, \(X=\rho_0-\rho_1\), and \(\norm O\le1\), put
\[
m_2=\Tr\Bigl[O\Bigl(-\Tr_R\bigl[K,[K,V_0XV_0^\dagger]\bigr]\Bigr)\Bigr].
\]
Then
\[
\dleak(V_\lambda)\ge\max\Bigl\{0,\ \frac{\abs{m_2}\lambda^2}{8}
-\frac23\norm K^3\abs\lambda^3\Bigr\}.
\]
\end{proposition}

\begin{proof}
Let \(f(\lambda)=\Tr(O\CC_\lambda(X))\). Then \(f(0)=0\) by constancy,
\(f'(0)=0\) by hypothesis, and \(f''(0)=m_2\). Each derivative applies
one commutator with \(K\), of trace-norm cost \(2\norm K\), and
\(\norm X_1\le2\), so \(\abs{f'''}\le16\norm K^3\). Taylor's theorem
gives \(\abs{f(\lambda)}\ge\abs{m_2}\lambda^2/2-\tfrac83\norm K^3\abs\lambda^3\).
Apply \eqref{eq:observablewitness}.
\end{proof}

\nonclaim{For Theorem~\ref{thm:second-order} with \(O=Z_B\) and
\(X=\kb00-\kb11\), \(m_2=4\) and the leading coefficient \(\tfrac12\) is
exact. No claim is made that every first-order-blind coupling responds
at second order.}

Comparison with Theorem~\ref{thm:rotation}: both families have
\(\erec^R=(1-\cos\theta)/2\) at the same parameter, but leakage is
\(\sin\theta/2\) there and \(\sin^2\theta/2\) here. Thus \(\erec^R\)
does not determine \(\dleak\), and the relation
\(\erec^R=\tfrac12(1-\sqrt{1-4\dleak^2})\) is family-specific, as stated
after Theorem~\ref{thm:rotation}.

%---------------------------------------------------------------------
\subsection{Same leakage, different resource; same resource, different leakage}

\begin{theorem}[Resource--leakage pairs]
\label{thm:pairs}
Let \(d=2\). Put
\[
V_1=V_{\mathrm{copy}},\qquad
V_2=(T_R\otimes I_B)V_{\mathrm{copy}},\qquad
V_3=V_T,
\]
so \(V_2\ket i=T\ket i_R\ket i_B\) and \(V_3\ket\psi=T\ket\psi_R\ket0_B\).
Then \(V_1\) is Clifford, \(V_2\) and \(V_3\) have no Clifford dilation,
and
\[
\dleak(V_1)=\dleak(V_2)=\tfrac12,\qquad \dleak(V_3)=0 .
\]
A variant with bipartite non-local magic in a fixed syndrome is
\(V_2'\ket i=\ket i_{R_0}\ket i_{B_0}\otimes\ket{\chi_\kappa}_{R_1B_1}\),
\(0<\kappa<\pi/4\), with \(\dleak(V_2')=\tfrac12\).
No member of the rotation family is a valid \(V_2\).
\end{theorem}

\begin{proof}
\(\dleak(V_2)=\dleak(V_1)\) by Proposition~\ref{prop:localinvariance},
and \(\dleak(V_1)=\tfrac12\) by Proposition~\ref{prop:independence}.
\(V_2\ket+=(\ket{00}+e^{\ii\pi/4}\ket{11})/\sqrt2\) is not a stabilizer
state, so Lemma~\ref{lem:cliffdil} applies; \(V_3\) is
Proposition~\ref{prop:independence}. For \(V_2'\), the complement is
\(\Delta_Z\otimes\sigma_\kappa\). The replacement
\(\tfrac12I\otimes\sigma_\kappa\) gives \(\tfrac12\); tracing \(B_1\)
contracts to \(\Delta_Z\), giving \(\tfrac12\) from below.
Non-local magic of \(\chi_\kappa\) is Theorem~\ref{thm:NLcounterexample}.
For the rotation family, \(\sin\theta/2=\tfrac12\) forces
\(\theta=\pi/2\), where \(U_{\pi/2}=\mathrm{CNOT}\,\mathrm{CZ}\) is
Clifford (Theorem~\ref{thm:rotation}).
\end{proof}

\nonclaim{The four-Majorana control (Theorem~\ref{thm:majorana}) is a
third convention: no Pauli dictionary is declared for it, and its
\(\dleak=\max\{\tfrac12,(1+2c_R)/4\}\) is not a magic certificate for
any of \(V_1,V_2,V_3\). Oai280-A's printed channels
\citeSR[\texttt{prop:goodbad}]{CheungOai280A},
\(W_{\mathrm{good}}\) (\(\dleak=0\), Clifford) and
\(W_{\mathrm{bad}}\) (\(\dleak=1-d^{-2}\)), are none of these isometries.}

\begin{remark}[Plan correction PC-5]
\label{rem:pc-pairs}
The plan's \(V_2\) with \(\dleak=\tfrac12\) cannot be taken from the
rotation family: \(\dleak=\tfrac12\) only at \(\theta=\pi/2\), which is
Clifford. The value \(\tfrac12\) is kept; \(V_2\) is the \(T\)-dressed
copier, and \(V_2'\) is a non-local-magic variant.
\end{remark}

%---------------------------------------------------------------------
\subsection{The channel does not determine a heat ledger}

A \emph{heat ledger} for an implementation is a declared record of the
reservoir registers, their initial and final states, and the
Hamiltonians against which heat is defined. Ledger registers are
outside the carrier \(C\to R\otimes B\) and are code-independent.

\begin{theorem}[Channel data do not select a heat ledger]
\label{thm:heat}
Fix an isometry \(V\) built from one allocated qubit \(Y\) in
\(\ket0\), as in Section~\ref{sec:construction}. There are two finite
implementations with the same carrier isometry \(V\), hence the same
\(\NN\), \(\CC\), \(\dleak\), and \(\erec^R\):
\begin{enumerate}[label=\textup{(I\arabic*)}]
\item \(Y\) is supplied in \(\ket0\); ledger registers \(\mathrm{Res}\),
\(P\) start in \(\ket{00}\) and are left untouched;
\item \(Y\) starts maximally mixed, purified by \(P\), and is reset by a
swap with \(\mathrm{Res}\) prepared in \(\ket0\) before \(V\) acts.
\end{enumerate}
The reservoir record is unchanged in (I1) and changes in (I2), from
\(\kb00\) to \(I/2\). Readout-and-drop of \(B\) returns \(\NN\) in both
and selects neither.
\end{theorem}

\begin{proof}
After the swap in (I2), \(Y\) is exactly \(\kb00\) and uncorrelated with
the code, so both implementations apply the same \(U\) to the same
input \(\ket\psi\otimes\ket0_Y\). The ledger registers end in
\(\ket{00}\) and in the maximally entangled \(\mathrm{Res}P\) state,
respectively. Theorem~\ref{thm:drop} gives the last sentence.
\end{proof}

\nonclaim{No heat, work, or Landauer cost is computed. The reset bound
of I-C-Th \texttt{thm:reset}, its thermal balance \texttt{thm:thermal},
and its access obstruction \texttt{thm:access}
\citeSR{CheungICTh} are source records for what a ledger would need,
and En07-A \texttt{prop:no-landauer-from-channel}
\citeSR{CheungEn07A} is the parallel statement for channel notation.
Landauer's paper is a documentary record, not a premise
\citeSR{Landauer1961}.}

%---------------------------------------------------------------------
\subsection{Endpoint continuity is not a Page curve}

\begin{theorem}[Leakage histories do not fix entropy, record, or metric histories]
\label{thm:not-page}
Let \(\theta,\kappa:[0,1]\to[0,\pi/4]\) be continuous with
\(\theta(t)\to0\) as \(t\to1\). For
\[
V_t^{\kappa}\ket i=V_{\theta(t)}\ket i\otimes
\ket{\chi_{\kappa(t)}}_{R_1B_1}
\]
with \(R=R_0R_1\), \(B=B_0B_1\), one has
\(\dleak(V_t^\kappa)=\sin\theta(t)/2\to0\) for every \(\kappa\),
and Theorem~\ref{thm:endpoint} applies at \(t=1\). Yet:
\begin{enumerate}[label=\textup{(\alph*)}]
\item \emph{Archive.} An append-only classical record of independent
fair readouts, kept alongside, has \(H(R_n)=n\) bits, strictly increasing;
it never turns over.
\item \emph{Entropy history.} On the input \(\ket0\), the radiation
entropy is \(h_2\bigl(\cos^2\kappa(t)\bigr)\), with \(h_2\) the binary
entropy, independently of \(\theta\); with \(\kappa\equiv0\) or
\(\kappa(t)=\tfrac\pi4\sin\pi t\) the same leakage history carries
different entropy histories. The leakage history therefore does not
determine whether an entropy history equals the finite Haar mean of
Hawk05-B \texttt{thm:page} or any other prescribed profile.
\item \emph{Mouth metric and endpoint.} The data are a finite family of
isometries; no positive form \(g_k\) of Res01-C
\texttt{thm:island}/\texttt{thm:haar} and no metric or gravitational
endpoint is among them or defined from them.
\end{enumerate}
\end{theorem}

\begin{proof}
The syndrome is a fixed tensor factor at each \(t\); by the embedding
argument of Theorem~\ref{thm:factor}(b) it does not change \(\dleak\).
Theorem~\ref{thm:rotation} gives \(\sin\theta(t)/2\).
(a) The chain rule gives
\(H(R_{n+1})-H(R_n)=H(X_{n+1}\mid R_n)=1\).
(b) On input \(\ket0\), the radiation state is
\(\kb00_{R_0}\otimes\Tr_{B_1}\chi_{\kappa(t)}\), of entropy
\(h_2(\cos^2\kappa(t))\). (c) is a statement about the type of the data.
\end{proof}

\nonclaim{This theorem only separates functions. It proves no Page
curve, island, metric, or endpoint. For finite autonomous dynamics,
Proposition~\ref{prop:recurrence} already excludes \(\dleak(t)\to0\)
from a vacuum start, so the family is declared, not autonomous.
I-C \texttt{thm:B} \citeSR{CheungIC}, Hawk05-B \texttt{thm:page}
\citeSR{CheungHawk05B}, and Res01-C \texttt{thm:island},
\texttt{thm:haar}, \texttt{thm:recordgap} \citeSR{CheungRes01C} are
source records. Res01-C's record mean exceeds its Page target at every
interior cut; that is its theorem, not this one. OpenAI Family 265
\citeSR{OAI265} is not this history.}

%---------------------------------------------------------------------
\subsection{Residual Enter, then drop, returns the radiation channel}

Let \(\mathcal E_B\) be destructive computational readout of a finite
\(B\) with outcome register \(K\), as in \eqref{eq:enter}, and put
\[
\NN_K(X)=\sum_x\kb xx_K\otimes
\Tr_B\bigl[(I_R\otimes\kb xx)\VV(X)\bigr].
\]

\begin{theorem}[Enter on the residual, retained or dropped]
\label{thm:drop-exact}
\begin{enumerate}[label=\textup{(\alph*)}]
\item With the record retained, the access cut is \(R\otimes K\):
\(\NN_K:C\to R\otimes K\), and
\(\erec^{RK}\le\erec^R\), with strict inequality possible
(\(\erec^{RK}=0<\tfrac12=\erec^R\) for the dephasing example of
Section~\ref{sec:discard}).
\item Dropping the bit returns exactly \(\Tr_K\circ\NN_K=\NN\).
\item The record alone does not restore the diary: \(X\mapsto\Tr_R\NN_K(X)\)
is classical-output, and every decoder from it has half-diamond error at
least \(1-1/d\).
\item If the entire retained output is then classical, for example after
a further readout of \(R\), every decoder has half-diamond error at
least \(1-1/d\), and computational readout followed by basis
preparation attains \(1-1/d\).
\end{enumerate}
\end{theorem}

\begin{proof}
(a) A decoder on \(R\) composed with \(\Tr_K\) is a decoder on \(RK\).
For the example, the outcome \(x\) and the correction \(Z^x\) recover
exactly; Section~\ref{sec:discard} gives dephasing for \(R\) alone.
(b) is Theorem~\ref{thm:drop}. (c) and (d) are
Theorem~\ref{thm:classical}, which is the local form of I-C
\texttt{thm:A}.
\end{proof}

\nonclaim{The bound \(1-1/d\) is the classical-record constant. It
is distinct from \(a_d=1-d^{-2}\) of Lemma~\ref{lem:constant}, which
is the error of a constant channel, and from the \(1-1/d^2\) quantity
of En04-B \citeSR{CheungEn04B}. En04-B's hosted shredder cut is not
used; En04-B is not registered on the site. En09-B's sharp return \(1-1/D\) is a clock
constant for unencoded \(CS\) reconstruction,
\citeSR[\texttt{prop:sharp}]{CheungEn09B}, and its
\texttt{thm:cDsharp} is the robustness constant \(2-2/D\); neither is
this diary. I-C \texttt{thm:A} \citeSR{CheungIC} and Hawk04-B
\texttt{thm:drop} \citeSR{CheungHawk04B} are source records.}

%=====================================================================
\section{Conditional predictions (new in v3)}
\label{sec:predictions}

This section turns sixteen proposed ``predictions,'' a five-layer
observational programme, eight candidate phenomena, and a list of
discovery criteria into conditional statements about the finite
carrier. Each statement has the form \emph{if a package supplies
\(X\), \(Y\), \(Z\), then \(Q\)}, has a complete local proof and, where
one exists, an explicit witness. None is a cosmological prediction.
Table~\ref{tab:v3verdicts} maps each plan item to its result. \SRline\ \NQCline

\subsection{Declared data and the two-point minimax lemma}

\begin{definition}[Declared package]
\label{def:package}
A \emph{declared package} \(\mathfrak P\) consists of a carrier
\(V:C\to R\otimes B\) as in Section~\ref{sec:criteria}, together with any
of the following, each named explicitly:
\begin{enumerate}[label=\textup{(\roman*)}]
\item a declared geometric factor \(B\simeq G\otimes E\) and probe
observables \(O_G\) (Section~\ref{sec:criteria});
\item a \emph{prescribed host datum} \(h\) from a set \(\mathcal H\),
fixed before the code input and the same for every code input;
\item \emph{supplied functions}: a real bounded profile \(\mathcal R\) on a
host region, a carrier dictionary \(\mathfrak D:\mathcal H\to
\{\text{isometries }C\to R\otimes B\}\), a sensitivity law \(F\), a
field dictionary, or a metric map, each given as data.
\end{enumerate}
``Supplied'' means given; nothing in this sheet derives it. No dynamics
is constructed for a host, a field, or a metric. The symbol \(\kappa\)
denotes a coefficient symbol only; no value is given.
Write \(s(O)=\lambda_{\max}(O)-\lambda_{\min}(O)\) for the spread of a
Hermitian \(O\); always \(s(O)\le2\norm O\).
\end{definition}

\begin{lemma}[Two-point minimax]
\label{lem:minimax}
Let \(\mathfrak F\) be a set of packages on which every admissible
estimator receives the same data (a \emph{fibre}), and let \(\tau\) be
a real target with \(a=\inf_{\mathfrak F}\tau\), \(b=\sup_{\mathfrak F}\tau\).
For every deterministic or randomized report \(Y\),
\[
\sup_{\mathfrak P\in\mathfrak F}\mathbb E\,\abs{Y-\tau(\mathfrak P)}\ \ge\ \frac{b-a}{2},
\]
with equality for the report \((a+b)/2\) when \(b<\infty\). If
\(b-a=\infty\), the minimax error is infinite.
\end{lemma}

\begin{proof}
The data are identical on \(\mathfrak F\), so \(Y\) has one law \(\mu\)
on the whole fibre. For \(\mathfrak P,\mathfrak P'\in\mathfrak F\),
\(\mathbb E_\mu\abs{Y-\tau(\mathfrak P)}+\mathbb E_\mu\abs{Y-\tau(\mathfrak P')}
\ge\abs{\tau(\mathfrak P)-\tau(\mathfrak P')}\), so the larger term is at least
half of it; take the supremum over pairs. The midpoint report has
error \(\max\{\tau-a,b-\tau\}\le(b-a)/2\).
\end{proof}

\nonclaim{The lemma is a statement about estimators on a declared set of
packages. It does not say which packages nature realizes.
Big01-A \texttt{thm:fibre} \citeSR{CheungBig01A} and Big04-A-coeff
\texttt{thm:C-adaptive} \citeSR{CheungBig04Acoeff} use the same pattern
for other slots; neither is a premise here.}

%---------------------------------------------------------------------
\subsection{Response, leakage, and the sharp constant (Predictions 14, 2)}

\begin{theorem}[Leakage--response bound with the sharp constant; Prediction 14]
\label{thm:P14}
Let \(V:C\to R\otimes B\) be a carrier, \(O\) a Hermitian observable on
\(B\) (or on a declared factor \(G\), applied to \(\CC_G=\Tr_E\CC\)), and
\(\rho_0,\rho_1\) code states.
\begin{enumerate}[label=\textup{(\alph*)}]
\item \emph{Bound.}
\begin{equation}
\abs{\Tr\bigl(O\,\CC(\rho_1-\rho_0)\bigr)}
\ \le\ s(O)\,\dtr\bigl(\CC(\rho_0),\CC(\rho_1)\bigr)
\ \le\ 2\,s(O)\,\dleak
\ \le\ 4\,\norm O\,\dleak .
\label{eq:P14}
\end{equation}
Equivalently, with the normalized response
\(\gamma_O(V)=\sup_{\rho_0,\rho_1}\abs{\Tr(O\CC(\rho_1-\rho_0))}/(2\norm O)\)
for \(O\ne0\),
\begin{equation}
\gamma_O\ \le\ \frac{s(O)}{\norm O}\,\dleak\ \le\ 2\,\dleak .
\label{eq:P14gamma}
\end{equation}
\item \emph{Sharpness.} For the copier \(V_{\pi/2}\) of
\eqref{eq:rotationisometry} and \(O=Z_B\), every inequality in
\eqref{eq:P14} and \eqref{eq:P14gamma} is an equality:
the response is \(2\), \(s(O)=2\), \(\dtr=1\), \(\dleak=\tfrac12\), \(\gamma_O=1\).
Hence \(4\) is the least constant \(c\) with
\(\abs{\Delta\langle O\rangle}\le c\norm O\dleak\) for all carriers, and
\(2\) is the least constant in \(\gamma_O\le c\,\dleak\).
\item \emph{Attainment family.} If \(d=2\) and
\(\CC(\rho)=\rho_{00}\sigma_0+\rho_{11}\sigma_1\) with
\(\sigma_0\ne\sigma_1\) (Lemma~\ref{lem:cq}), the Helstrom observable
\(O_*=\Pi_+-\Pi_-\), with \(\Pi_\pm\) the spectral projectors of
\(\sigma_1-\sigma_0\) for positive and nonpositive eigenvalues, has
\(\norm{O_*}=1\) and \(\gamma_{O_*}=2\dleak\).
\item \emph{The plan's constant.} The inequality
\(\abs{\Delta\langle O\rangle}\le2\norm O\dleak\) is false: the copier
with \(O=Z_B\) gives \(2>1\). It becomes true, and sharp, with
\(\norm O\) replaced by \(s(O)\).
\end{enumerate}
\end{theorem}

\begin{proof}
(a) Put \(\Delta=\CC(\rho_1)-\CC(\rho_0)=\Delta_+-\Delta_-\) with
\(\Delta_\pm\ge0\) of disjoint support. Since \(\Tr\Delta=0\),
\(\Tr\Delta_+=\Tr\Delta_-=\dtr\). Then
\(\Tr O\Delta\le\lambda_{\max}\Tr\Delta_+-\lambda_{\min}\Tr\Delta_-=s(O)\dtr\),
and the same bound holds for \(-\Tr O\Delta\). The second inequality is
\(\dtr\le2\,\ddia(\CC,\TT_\sigma)\) for every \(\sigma\), as in the proof of
\eqref{eq:pairwitness}; the third is \(s(O)\le2\norm O\). Dividing by
\(2\norm O\) gives \eqref{eq:P14gamma}.
(b) \(\CC_{\pi/2}(\rho)=\rho_{00}\kb00+\rho_{11}\kb11\); with
\(\rho_j=\kb jj\), \(\Tr Z\Delta=-2\), \(\dtr=1\), and
\(\dleak=\tfrac12\) by Theorem~\ref{thm:rotation}. Equality in a chain
of inequalities shows that no smaller constant works.
(c) With \(\rho_j=\kb jj\), \(\Tr O_*(\sigma_1-\sigma_0)=\norm{\sigma_1-\sigma_0}_1
=2\dtr(\sigma_0,\sigma_1)=4\dleak\) by Lemma~\ref{lem:cq}, so
\(\gamma_{O_*}\ge2\dleak\); (a) gives the reverse inequality.
(d) is (b).
\end{proof}

\nonclaim{The bound concerns observables on the declared complete
residual of a finite carrier. It is not a bound on any cosmological
probe, and a violation in a model only shows that one of the declared
hypotheses (completeness of \(B\), the operator assigned to the probe,
its normalization, finite dimension) fails there.}

\begin{remark}[Normalization; PC-10, DC-1]
\label{rem:pc-P14}
PC-10: the plan's displayed \(2\norm{O_G}\dleak\) undercounts by a factor
of \(2\); the sharp forms are \eqref{eq:P14} and \eqref{eq:P14gamma}.
The plan's \(\gamma\le2\dleak\) is correct with \(\gamma\) normalized by
\(2\norm O\), the convention of En04-B~v2
\citeSR{CheungEn04Bv2}. DC-1: En04-A~v2 does not state \(\gamma\); its
nearest statement is the observable witness \eqref{eq:observablewitness}
\(\dleak\ge w/4\) for \(\norm O\le1\), which is \eqref{eq:P14} at
\(\norm O=1\).
\end{remark}

\begin{theorem}[A geometric effect needs a coupling witness; Prediction 2]
\label{thm:P2}
Suppose a package supplies a declared geometric factor \(B\simeq G\otimes E\),
a probe observable \(O_G\), and code states \(\rho_0,\rho_1\), and asserts a
matter-dependent probe effect
\(w:=\Tr\bigl(O_G\,\CC_G(\rho_1-\rho_0)\bigr)\ne0\). Put
\(A_{O_G}=V^\dagger(I_R\otimes O_G\otimes I_E)V\) on \(C\). Then:
\begin{enumerate}[label=\textup{(\alph*)}]
\item \(w=\Tr\bigl(A_{O_G}(\rho_1-\rho_0)\bigr)\); hence an effect exists for
some pair if and only if \(A_{O_G}\) is not scalar;
\item \(\dleak\ge\abs w/(2s(O_G))\ge\abs w/(4\norm{O_G})\);
\item \(\CC\) is not constant, so whole-code recovery from \(R\) is not
exact (Theorems~\ref{thm:global} and~\ref{thm:exact}).
\end{enumerate}
Witness: for \(V_\theta\) of \eqref{eq:rotationisometry} with \(G=B\) and
\(O_G=Z\), \(w=-2\sin^2\theta\), nonzero for \(0<\theta\le\pi/2\).
\end{theorem}

\begin{proof}
(a) \(\Tr(O_G\CC_G(\rho))=\Tr\bigl((I\otimes O_G\otimes I)V\rho V^\dagger\bigr)
=\Tr(A_{O_G}\rho)\). If \(A_{O_G}=cI\), \(w=c\Tr(\rho_1-\rho_0)=0\); if
not, two eigenvectors with distinct eigenvalues give \(w\ne0\).
(b) is \eqref{eq:P14}. (c) \(\dleak>0\) by (b), so \(\CC\) is not constant
(Lemma~\ref{lem:witness}). The witness: \(\langle Z\rangle\) is \(1\) on
\(\ket0\) and \(\cos2\theta\) on \(\ket{b_\theta}\).
\end{proof}

\nonclaim{The theorem states what a probe effect requires; it does not
say that any physical observable is represented by \(O_G\), and it does
not identify \(G\) with geometry (Theorem~\ref{thm:factor}).}

\begin{theorem}[Correlation-only response; Predictions 12, 13]
\label{thm:P12}
Let \(B=E\otimes G\) be two qubits and
\(V_{\rm corr}\ket j=\ket j_R\ket{\Phi_j}_{EG}\) with
\(\ket{\Phi_0}=\ket{\Phi^+}\), \(\ket{\Phi_1}=\ket{\Phi^-}\). Then:
\begin{enumerate}[label=\textup{(\alph*)}]
\item \(\CC_E=\CC_G=\TT_{I/2}\): both marginals are constant, so every
local witness \(\Tr((O_E\otimes I)\CC(\cdot))\), \(\Tr((I\otimes O_G)\CC(\cdot))\)
vanishes;
\item \(\CC_{EG}(\rho)=\rho_{00}\kb{\Phi^+}{\Phi^+}+\rho_{11}\kb{\Phi^-}{\Phi^-}\)
is not constant, \(\dleak=\tfrac12\), and \(\erec^R=\tfrac12\);
\item the product observable \(X_E\otimes X_G\) has response \(2\) on
\(\rho_j=\kb jj\), and
\[
\sup_{\norm{O_E},\norm{O_G}\le1}\ \sup_{\rho_0,\rho_1}
\abs{\Tr\bigl((O_E\otimes O_G)\CC(\rho_1-\rho_0)\bigr)}=2,
\]
which is the sharp value \(4\norm O\dleak\) of Theorem~\ref{thm:P14}.
\end{enumerate}
\end{theorem}

\begin{proof}
(a) Both Bell vectors have maximally mixed marginals, and the
coherences \(\rho_{01}\) carry \(\langle0|1\rangle_R=0\).
(b) The two outputs are orthogonal pure states, so Lemma~\ref{lem:cq}
gives \(\dleak=\tfrac12\). The radiation channel is the complete
dephasing \(\Delta_0\), whose error is \(\tfrac12\) by
Theorem~\ref{thm:rotation} with \(\cos\theta=0\).
(c) \(\langle X\otimes X\rangle_{\Phi^\pm}=\pm1\). For
\(\norm{O_E\otimes O_G}\le1\), \eqref{eq:P14} gives at most
\(4\cdot\tfrac12=2\).
\end{proof}

\nonclaim{\(E\) and \(G\) are declared labels. The same carrier with \(E\)
renamed ``auxiliary memory'' has identical channels, so a correlation
witness alone does not show that a correlation is governed by a
geometric law, and no gravitational correlation is asserted.}

%---------------------------------------------------------------------
\subsection{Sampling a prescribed profile (Predictions 4, 5)}

\begin{definition}[Declared finite compression]
\label{def:compression}
A \emph{declared finite compression} consists of a prescribed host region
\(U\) with a measure, a supplied bounded real profile \(\mathcal R\) on
\(U\) (the same for every code input), orthonormal
\(f_0,f_1\in L^2(U)\), and the identification
\(G=\Span\{\ket{g_0},\ket{g_1}\}\) with
\[
O_{\mathcal R}=\sum_{a,b\in\{0,1\}}\langle f_a,\mathcal Rf_b\rangle\,\kb{g_a}{g_b},
\qquad \kappa_a=\langle f_a,\mathcal Rf_a\rangle,\quad c=\langle f_0,\mathcal Rf_1\rangle .
\]
The probe carrier is \(V_\eta\) of \eqref{eq:rotationisometry} with
\(\theta=\eta\), \(B=G\), and \(\ket{b_\eta}=\cos\eta\ket{g_0}+\sin\eta\ket{g_1}\).
\end{definition}

\begin{theorem}[Constant-profile blindness; Prediction 4]
\label{thm:P4}
If \(\mathcal R=\mathcal R_0\) is constant almost everywhere on
\(\supp f_0\cup\supp f_1\), then \(O_{\mathcal R}=\mathcal R_0I_G\) and every
carrier \(V:C\to R\otimes(G\otimes E)\) has zero \(O_{\mathcal R}\)-witness
for every pair of code states. More generally, \(O_{\mathcal R}\) is
scalar if and only if \(\kappa_0=\kappa_1\) and \(c=0\). The blindness
is specific to \(O_{\mathcal R}\): for \(V_{\pi/2}\), \(\dleak=\tfrac12\) and
the probe \(\kb{g_1}{g_1}\) has response \(1\).
\end{theorem}

\begin{proof}
\(\langle f_a,\mathcal R_0f_b\rangle=\mathcal R_0\delta_{ab}\). A scalar
compression has zero witness by Theorem~\ref{thm:P2}(a). A Hermitian
\(2\times2\) matrix is scalar if and only if its diagonal entries agree
and its off-diagonal entry vanishes. For \(V_{\pi/2}\),
\(\CC(\kb11)=\kb{g_1}{g_1}\) and \(\CC(\kb00)=\kb{g_0}{g_0}\).
\end{proof}

\nonclaim{``Constant profile'' means a constant supplied function on a
prescribed host. No statement is made about de Sitter space, about a
physical scalar-curvature probe, or about which other observables a
physical theory would provide.}

\begin{theorem}[Sampling witness; Prediction 5]
\label{thm:P5}
For the declared compression and \(V_\eta\), with \(\rho_j=\kb jj\),
\begin{equation}
w=\Tr\bigl(O_{\mathcal R}\CC(\rho_1-\rho_0)\bigr)
=(\kappa_1-\kappa_0)\sin^2\eta+\sin2\eta\,\operatorname{Re}c .
\label{eq:P5}
\end{equation}
\begin{enumerate}[label=\textup{(\alph*)}]
\item If \(f_0,f_1\) have disjoint supports, then \(c=0\) and
\(w=(\kappa_1-\kappa_0)\sin^2\eta\).
\item \(\dleak(V_\eta)=\tfrac12\sin\eta\), and \(\abs w\le s(O_{\mathcal R})\sin\eta
=2s(O_{\mathcal R})\dleak\), as Theorem~\ref{thm:P14} requires. For
\(c=0\), \(\gamma_{O_{\mathcal R}}=\abs{\kappa_1-\kappa_0}\sin^2\eta/
(2\max\{\abs{\kappa_0},\abs{\kappa_1}\})\).
\item \emph{Sampling, not backreaction.} The profile is the same function
for both inputs, so the host-level difference
\(\mathcal R^{(1)}-\mathcal R^{(0)}\) is identically zero, while
\(w\ne0\) whenever \(\kappa_1\ne\kappa_0\), \(c=0\), and \(\sin\eta\ne0\).
A backreaction statement needs an input-dependent map
\(\rho\mapsto\mathcal R_\rho\); none is in the data.
\end{enumerate}
\end{theorem}

\begin{proof}
\(\CC(\rho_0)=\kb{g_0}{g_0}\) and \(\CC(\rho_1)=\kb{b_\eta}{b_\eta}\), so
\(w=\cos^2\!\eta\,\kappa_0+\sin^2\!\eta\,\kappa_1+2\sin\eta\cos\eta\operatorname{Re}c-\kappa_0\),
which is \eqref{eq:P5}. (a) The integrand of \(c\) vanishes. (b)
Theorem~\ref{thm:rotation} gives \(\dleak\), and \eqref{eq:P14} the bound.
For \(c=0\), \(O_{\mathcal R}=\diag(\kappa_0,\kappa_1)\) and the code
response is \(\Tr(A\rho)\) with
\(A=\diag(\kappa_0,\kappa_0\cos^2\eta+\kappa_1\sin^2\eta)\),
whose spread is \(\abs{\kappa_1-\kappa_0}\sin^2\eta\). (c) is a
property of the declared data.
\end{proof}

\nonclaim{\(\kappa_a\) are compressions of a supplied function; they
are not a curvature, a coupling, or the coefficient \(\kappa\). The
theorem does not say that inhomogeneous cosmological backgrounds can be
probed, and it constructs no host dynamics.}

\begin{remark}[PC-11; comparison with En04-B v2]
\label{rem:pc-P5}
PC-11: the plan's witness ``\(\propto(\kappa_1-\kappa_0)\sin^2\eta\)'' omits
the cross term \(\sin2\eta\operatorname{Re}c\); it holds as stated when
\(c=0\), for example for disjoint supports. En04-B~v2
\texttt{thm:leak-exact} \citeSR{CheungEn04Bv2} writes the rod response as
\(\gamma_O=\abs{\lambda_1-\lambda_0}\sin(\theta_-+\theta_+)\sin\Delta/
(2\max\{\abs{\lambda_0},\abs{\lambda_1}\})\); at \(\theta_-=0\),
\(\theta_+=\eta\), \(\lambda_a=\kappa_a\) this is the normalized form in
Theorem~\ref{thm:P5}(b). The unnormalized En04-A witness is
\eqref{eq:P5}. No step of the proof uses En04-B.
\end{remark}

%---------------------------------------------------------------------
\subsection{Fibres and minimax errors (Predictions 1, 6, 15, 7, 16, 3)}

\begin{theorem}[Host and geometry fibres; Predictions 1, 6, 15]
\label{thm:P6}
\begin{enumerate}[label=\textup{(\alph*)}]
\item \emph{Fixed declared geometry.} Let
\(V^G_\theta=V_\theta\otimes\ket{g_0}_G\) with residual \(B\otimes G\).
For every \(\theta\in[0,\pi/2]\), \(\CC_G=\TT_{\kb{g_0}{g_0}}\) and the host datum
are the same, while \(\dleak(V^G_\theta)=\tfrac12\sin\theta\) takes every
value in \([0,\tfrac12]\). The minimax error for \(\dleak\) from these
data is \(\tfrac14\).
\item \emph{Fixed host datum, all carriers.} Fix \(h\in\mathcal H\) and
spaces with \(\dim R,\dim B\ge d\). The set
\(\{\dleak(V)\}\) over isometries \(V:C\to R\otimes B\) is exactly
\([0,a_d]\), \(a_d=1-d^{-2}\); the minimax error for \(\dleak\) from
\((h,\dim R,\dim B)\) is \(a_d/2\). The same fibre contains both
\(\erec^R=0\) and \(\erec^R=a_d\).
\item \emph{Fixed carrier, two hosts.} For hosts \(h_1\ne h_2\) and any
real host coordinate \(\phi\), the packages \((h_1,V)\), \((h_2,V)\)
have identical channel data; any estimator of \(\phi\) from channel
data has minimax error at least \(\abs{\phi(h_1)-\phi(h_2)}/2\).
\item \emph{Conditional positive form.} If a package supplies a carrier
dictionary \(\mathfrak D\), then \(h\mapsto\dleak(\mathfrak D(h))\) is a
function, and the error in (b) is \(0\) on the image of \(\mathfrak D\).
\end{enumerate}
\end{theorem}

\begin{proof}
(a) \(\Tr_{RB}\) of \(V^G_\theta\rho V^{G\dagger}\) is \(\kb{g_0}{g_0}\); adjoining a
fixed pure factor does not change the leakage (contraction in both
directions, as in the proof of Theorem~\ref{thm:magic-fibre}); then
Theorem~\ref{thm:rotation} and Lemma~\ref{lem:minimax}.
(b) \(V_{\rm good}\ket i=\ket i_R\ket0_B\) has constant complement
(\(\dleak=0\), \(\erec^R=0\)); \(V_{\rm bad}\ket i=\ket0_R\ket i_B\) has
\(\CC=\id\) and \(\NN\) constant, so \(\dleak=a_d\) and \(\erec^R=a_d\) by
Lemma~\ref{lem:constant}, which also gives the upper bound \(a_d\).
Every isometry is \(UV_{\rm good}\) for a unitary \(U\) on \(R\otimes B\),
and the unitary group is path connected, so isometries form a connected
set. By Lemma~\ref{lem:distances}, \(\dleak\) is continuous in \(V\);
the intermediate value theorem gives every value in \([0,a_d]\).
Lemma~\ref{lem:minimax} gives \(a_d/2\).
(c) The host datum is not an argument of \(\CC\) or \(\NN\); apply
Lemma~\ref{lem:minimax}. (d) is immediate.
\end{proof}

\nonclaim{Hosts are labels in a declared set. The theorem does not say that
two cosmologies share a leakage history, that a Hubble rate, curvature,
or horizon area is unconstrained in nature, or that any carrier
dictionary exists.}

\begin{remark}[PC-15]
\label{rem:pc-P6}
PC-15: the range \([0,a_d]\) in (b) needs \(\dim R,\dim B\ge d\); for
smaller spaces the range is an interval \([0,m]\) with \(m\le a_d\), and the
minimax error is \(m/2\). Big01-A \texttt{thm:fibre} \citeSR{CheungBig01A}
is the same pattern for a different host slot.
\end{remark}

\begin{theorem}[One leakage history, many entropy and host histories; Prediction 7]
\label{thm:P7}
On the family \(V^\kappa_t\) of Theorem~\ref{thm:not-page}, fix the
schedule \(\theta(\cdot)\). Then at every \(t\) the leakage is
\(\tfrac12\sin\theta(t)\) for every schedule \(\kappa(\cdot)\), while the
input-\(\ket0\) radiation entropy \(h_2(\cos^2\kappa(t))\) takes every value
in \([0,1]\) bit as \(\kappa(t)\) ranges over \([0,\pi/4]\). Hence any map
from leakage histories to entropy histories has minimax error at least
\(\tfrac12\) bit at every \(t\). Likewise, a supplied host function
\(H(\cdot)\) adjoined to the package is unconstrained by the leakage
history: for \(H_1\ne H_2\) the error is at least
\(\sup_t\abs{H_1(t)-H_2(t)}/2\). If a package supplies \(\kappa(\cdot)\),
the entropy history is fixed.
\end{theorem}

\begin{proof}
Theorem~\ref{thm:not-page} gives the leakage and the entropy formula;
\(\kappa\mapsto h_2(\cos^2\kappa)\) is continuous and increases from \(0\)
to \(1\) on \([0,\pi/4]\). Apply Lemma~\ref{lem:minimax} pointwise in
\(t\), and to \(H(t)\) as a host datum as in Theorem~\ref{thm:P6}(c).
\end{proof}

\nonclaim{\(H\) is a supplied function, not an expansion rate. No Page
curve, cosmological entropy, or expansion history is derived.}

\begin{theorem}[A coefficient enters only through a sensitivity law; Prediction 16]
\label{thm:P16}
Let \(K\subseteq\R\) be a range of a coefficient symbol \(\kappa\) and
suppose a package's admitted data have a law \(P_\kappa\).
\begin{enumerate}[label=\textup{(\alph*)}]
\item If \(P_{\kappa}\) does not depend on \(\kappa\), every estimator has
minimax error at least \((\sup K-\inf K)/2\), infinite for
\(K=(0,\infty)\).
\item If a package supplies a probe \(O_G\), a code state \(\rho_*\), and a
sensitivity law \(\Tr(O_G\CC_G(\rho_*))=F(\kappa)\) with \(F\) injective on
\(K\), then exact data determine \(\kappa=F^{-1}(\Tr(O_G\CC_G(\rho_*)))\).
For example, \(F(\kappa)=\kappa w_0\) with \(w_0\ne0\) gives
\(\kappa=y/w_0\) symbolically.
\item The quantities \(\dleak\), \(\erec^R\), and every witness of this
sheet are defined without \(\kappa\); the finite carriers here supply no
\(F\).
\end{enumerate}
\end{theorem}

\begin{proof}
(a) is Lemma~\ref{lem:minimax}. (b) is the definition of injectivity.
(c) \(\kappa\) does not occur in \eqref{eq:leakage}, \eqref{eq:recovery},
or in any declared carrier.
\end{proof}

\nonclaim{No value of \(\kappa\) is given and no sensitivity law is
asserted. Big04-A-coeff \texttt{thm:C-adaptive} \citeSR{CheungBig04Acoeff}
is the parallel statement for its coefficient slot and is not a premise.}

\begin{theorem}[Magic and response in both directions; Prediction 3]
\label{thm:P3}
Use the labels of Theorem~\ref{thm:magic-fibre} (Clifford flag
\(\mathsf{Cl}\), minimal \(T\)-count \(\tau\), stabilizer entropy \(M_2\) of the
Choi vector) and the response \(\Delta\langle Z_B\rangle=\Tr(Z_B\CC(\kb11-\kb00))\).
\begin{enumerate}[label=\textup{(\alph*)}]
\item \emph{Equal label, zero and nonzero response:} Theorem~\ref{thm:magic-fibre}.
\item \emph{Equal label, opposite response.} \(V_{\rm cp}=V_{\pi/2}\) and
\((I_R\otimes X_B)V_{\rm cp}\) both have \(\mathsf{Cl}=1\), \(\tau=0\), \(M_2=0\), and
\(\Delta\langle Z_B\rangle=-2\) and \(+2\).
\item \emph{Equal response, different label.} \(V_{\rm cp}\) and
\((T_R\otimes I_B)V_{\rm cp}\) have the same complementary channel, hence the
same response for every observable and every pair, while
\(M_2=0\) versus \(\log_2(4/3)\), \(\mathsf{Cl}=1\) versus \(0\), and
\(\tau=0\) versus \(1\).
\item Consequently there is no function \(F\) with response \(=F(\text{label})\),
and no function with label \(=F(\text{response})\); the minimax error for
\(M_2\) from the complementary channel is at least \(\tfrac12\log_2(4/3)\).
\end{enumerate}
\end{theorem}

\begin{proof}
(b) \(X_B\) is a Pauli on the output; Clifford dilations compose, the
Choi vector changes by a local Pauli, and \(M_2\) is invariant under
local Paulis. \(\CC(\kb jj)=\kb jj\) for \(V_{\rm cp}\) and \(\kb{1-j}{1-j}\)
after \(X_B\). (c) A unitary on \(R\) does not change \(\Tr_R\). The Choi
vector of \((T_R\otimes I)V_{\rm cp}\) is
\((\ket{000}+e^{\ii\pi/4}\ket{111})/\sqrt2\); its nonzero Pauli
expectations are \(\pm1\) on the \(4\) \(Z\)-strings and
\(\pm2^{-1/2}\) on \(8\) strings with \(X\) or \(Y\) on all three qubits, so
\(\sum_P\langle P\rangle^4=4+8\cdot\tfrac14=6\) and
\(M_2=-\log_2(6/8)=\log_2(4/3)\). It is not a stabilizer state, so
\(\mathsf{Cl}=0\) by Lemma~\ref{lem:cliffdil}, \(\tau\ge1\), and the one \(T\)
gate gives \(\tau=1\). (d) follows, with Lemma~\ref{lem:minimax} for the
last claim.
\end{proof}

\nonclaim{The labels are declared finite resource labels; no
statement relates magic to curvature, and no functional
\(\mathcal W\) or coupling \(\kappa\) is proposed.}

%---------------------------------------------------------------------
\subsection{Records, echoes, clocks, and order (Predictions 8--11)}

\begin{theorem}[Classical floor; parameter information versus recovery; Prediction 8]
\label{thm:P8}
\begin{enumerate}[label=\textup{(\alph*)}]
\item If the retained output is entirely classical (a measure-and-prepare
channel), every decoder has error at least \(1-1/d\)
(Theorem~\ref{thm:classical}), and computational readout attains it
(Theorem~\ref{thm:drop-exact}).
\item \(1-1/d<a_d=1-d^{-2}\) for \(d\ge2\); \(a_d\) is the error of an
input-independent output (Lemma~\ref{lem:constant}), a different task.
\item A classical record that in addition stores a declared host label
\(h\) exactly still has recovery error \(1-1/d\) when the code readout
is computational: parameter information does not lower the floor.
\end{enumerate}
\end{theorem}

\begin{proof}
(a),(b) are the cited results and arithmetic. (c) The label register is
in an input-independent state; appending it is a channel and discarding
it is a channel, so the recovery error is unchanged in both directions.
\end{proof}

\nonclaim{The records are finite registers. No statement is made about
CMB data, detector logs, or which parameters an actual observation
determines.}

\begin{theorem}[Echo metrology without recovery; Prediction 9]
\label{thm:P9}
Let \(\alpha\in A\subseteq\R\) be a declared host parameter and
\(\mathcal K_\alpha(\rho)=\Tr(\rho)\,\omega_\alpha\).
\begin{enumerate}[label=\textup{(\alph*)}]
\item For every decoder \(\DD\), \(F_e(\DD\mathcal K_\alpha)=1/d^2\) and
\(\ddia(\DD\mathcal K_\alpha,\id)\ge a_d\); the recovery error is exactly \(a_d\).
\item One use distinguishes \(\alpha_1,\alpha_2\) with optimal success
probability \(\tfrac12(1+\dtr(\omega_{\alpha_1},\omega_{\alpha_2}))\).
\item If \(\norm S\le1\) and \(s(\alpha)=\Tr(S\omega_\alpha)\) satisfies
\(\abs{s(\alpha)-s(\alpha')}\ge c\abs{\alpha-\alpha'}\) on \(A\) with \(c>0\),
then \(\dtr(\omega_\alpha,\omega_{\alpha'})\ge c\abs{\alpha-\alpha'}/2\),
\(s\) is injective on \(A\), and for \(\hat s\in s(A)\) the estimator
\(\hat\alpha=s^{-1}(\hat s)\) satisfies
\(\abs{\hat\alpha-\alpha}\le\abs{\hat s-s(\alpha)}/c\).
\item Witness: \(\omega_\alpha=\kb{\psi_\alpha}{\psi_\alpha}\),
\(\ket{\psi_\alpha}=\cos\alpha\ket0+\sin\alpha\ket1\), \(S=X\), \(A=[0,\pi/8]\):
\(s=\sin2\alpha\), \(c=\sqrt2\), \(\dtr(\omega_\alpha,\omega_{\alpha'})=\abs{\sin(\alpha-\alpha')}\).
\end{enumerate}
\end{theorem}

\begin{proof}
(a) \(\DD\mathcal K_\alpha=\TT_{\DD(\omega_\alpha)}\), whose Choi state is
\(\tfrac Id\otimes\DD(\omega_\alpha)\); its overlap with
\(\ket{\Phi_d}\) is \(d^{-2}\). Lemma~\ref{lem:constant} gives the
distance bound and the universal upper bound.
(b) Helstrom. (c) \(\abs{s(\alpha)-s(\alpha')}\le2\norm S\dtr\). Co-Lipschitz
maps are injective, and
\(\abs{\hat\alpha-\alpha}\le\abs{s(\hat\alpha)-s(\alpha)}/c\).
(d) \(s'(\alpha)=2\cos2\alpha\ge\sqrt2\) on \(A\); mean value theorem;
pure-state trace distance \(\sqrt{1-\abs{\langle\psi_\alpha|\psi_{\alpha'}\rangle}^2}\).
\end{proof}

\nonclaim{\(\alpha\) is a declared parameter and \(\omega_\alpha\) a declared
state; no cosmological echo or geometry sensitivity is asserted.}

\begin{remark}[PC-12, DC-3]
\label{rem:pc-P9}
PC-12: ``\(\abs{\Delta\alpha}\lesssim\abs{\Delta s}/c\)'' holds exactly as
(c), provided both values lie in the interval \(A\) where \(s\) is
co-Lipschitz; outside \(A\) it can fail (for \(S=Z\), \(s=\cos2\alpha\) is
flat at \(0\)). DC-3: the echo reading is En04-B and I-C material, not an
En04-A~v2 theorem; it is proved here locally.
\end{remark}

\begin{theorem}[A code-dependent clock leaks; Prediction 10]
\label{thm:P10}
Let \(V_K\ket j=\ket j_R\ket{\tau_j}_K\) with the clock \(K\) in the residual.
\begin{enumerate}[label=\textup{(\alph*)}]
\item \(\CC(\rho)=\sum_j\rho_{jj}\kb{\tau_j}{\tau_j}\). For \(d=2\),
\(\dleak=\tfrac12\sqrt{1-\abs{\langle\tau_0|\tau_1\rangle}^2}\): \(\tfrac12\) for
orthogonal clock states and \(0\) for a neutral clock \(\tau_0=\tau_1\).
\item For \(d\) orthogonal clock states, \(\dleak=1-1/d\).
\item For \(d=2\), \(\erec^R=\tfrac12(1-\abs{\langle\tau_0|\tau_1\rangle})\); if
\(K\) is retained quantum mechanically with \(R\), recovery is exact.
\item An orthogonal qubit clock has exactly the complementary channel of
the copier \(V_{\pi/2}\); no residual observable distinguishes the clock
from an environment copy.
\end{enumerate}
\end{theorem}

\begin{proof}
(a) The coherences carry \(\langle j|k\rangle_R=0\). Lemma~\ref{lem:cq}
with pure \(\sigma_j\) gives the formula.
(b) Up to the isometry \(\ket j\mapsto\ket{\tau_j}\) and its left inverse
(both contractions), \(\CC\) is the complete dephasing \(\Delta_d\). Lower
bound: on \(\ket{\Phi_d}\), \(\Delta_d\) gives \(\tfrac1d\sum_i\kb{ii}{ii}\),
which has weight \(1\) on \(P=\sum_i\kb{ii}{ii}\), while
\(\tfrac Id\otimes\sigma\) has weight \(\tfrac1d\sum_i\sigma_{ii}=\tfrac1d\).
Upper bound: with Weyl operators \(W_{ab}=X^aZ^b\),
\(\TT_{I/d}=d^{-2}\sum_{a,b}\Ad_{W_{ab}}\) and
\(\Delta_d=d^{-1}\sum_b\Ad_{Z^b}\), so
\(\Delta_d-\TT_{I/d}=(d^{-1}-d^{-2})\sum_b\Ad_{Z^b}-d^{-2}\sum_{a\ne0,b}\Ad_{W_{ab}}\),
whose half-diamond norm is at most \(\tfrac12\bigl(d(d^{-1}-d^{-2})+(d^2-d)d^{-2}\bigr)=1-1/d\).
(c) \(\NN(\rho)=\sum_{jk}\rho_{jk}\langle\tau_k|\tau_j\rangle\kb jk\), which is
\(\Delta_{\abs{\langle\tau_0|\tau_1\rangle}}\) after a diagonal unitary on \(R\);
Theorem~\ref{thm:rotation} gives the error. With \(K\) retained, \(V_K\)
itself is an isometry into the accessible system.
(d) Both complements are \(\rho\mapsto\rho_{00}\kb00+\rho_{11}\kb11\).
\end{proof}

\nonclaim{\(K\) is a declared register. No relational-time model, physical
clock, or gravitational information loss is described.}

\begin{remark}[PC-13; the five clock options]
\label{rem:pc-P10}
PC-13: leakage \(\tfrac12\) needs orthogonal qubit clock states; the
general values are (a) and (b). The plan's five options are placed as
follows: an independent clock is \(\tau_0=\tau_1\) (\(\dleak=0\)); an entangled
clock is (a)--(b); a destructively measured clock is
Theorem~\ref{thm:drop-exact}; a clock retained quantum mechanically is the
exact case of (c); a clock in the residual partition is the setting of (a).
\end{remark}

\begin{theorem}[First-order silence with second-order response; Prediction 11]
\label{thm:P11}
For the carrier \(V_\lambda=e^{-\ii\lambda K}V_0\) of
Theorem~\ref{thm:second-order}, the first derivative of \(\CC_\lambda\) at
\(\lambda=0\) vanishes, yet
\[
\dleak=\tfrac12\sin^2\lambda,\qquad
\erec^R=\tfrac12(1-\cos\lambda),\qquad
\Tr\bigl(Z_B\CC_\lambda(\kb00-\kb11)\bigr)=2\sin^2\lambda ,
\]
all even in \(\lambda\), with leading terms \(\lambda^2/2\), \(\lambda^2/4\),
\(2\lambda^2\). Hence a vanishing first-order witness does not imply a
constant complement, and the order of the leading response is a
property of the supplied coupling.
\end{theorem}

\begin{proof}
Theorem~\ref{thm:second-order}; \(\langle Z_B\rangle\) is \(1\) on input
\(\ket0\) and \(\cos^2\lambda-\sin^2\lambda\) on input \(\ket1\).
\end{proof}

\nonclaim{The exponent concerns channel quantities of a finite carrier.
No statement \(\Delta g\sim\lambda^2\), \(\Delta R\sim\lambda^2\), or
\(\Delta H\sim\lambda^2\) is made (PC-17).}

%---------------------------------------------------------------------
\subsection{Layers, the constraint chain, and requirements (\S17, \S19)}

\begin{definition}[Layers]
\label{def:layers}
For a package and code states \(\rho_0,\rho_1\):
\begin{description}[leftmargin=2.2em,style=nextline]
\item[L0 (resource)] the carrier has a nonzero declared resource label
(\(\mathsf{Cl}=0\) or \(M_2>0\));
\item[L1 (residual response)] \(\CC(\rho_1)\ne\CC(\rho_0)\);
\item[L2 (probe response)] a declared \(O_G\) has \(w(O_G;\rho_0,\rho_1)\ne0\);
\item[L3 (field response)] a supplied field dictionary assigns states
\(\omega_j\) of a supplied field algebra to \(\rho_j\), and
\(\omega_1(\Phi(f))\ne\omega_0(\Phi(f))\) for a smeared field \(\Phi(f)\);
\item[L4 (metric response)] a supplied metric map assigns metrics
\(g^{(j)}\) on a host to \(\rho_j\), and \(g^{(1)}\ne g^{(0)}\);
\item[L5 (same-model law)] a supplied law relates the L4 difference to
independently defined L3 data, e.g.
\(G[g^{(1)}]-G[g^{(0)}]=\kappa\,\Delta T[\omega_0,\omega_1]\) with
\(\Delta T\) defined from the field algebra alone.
\end{description}
\end{definition}

\begin{proposition}[No layer implies the next]
\label{prop:layers}
For each \(k\in\{0,1,2,3,4\}\) there is a package satisfying
L\(k\) and not L\((k+1)\):
\begin{enumerate}[label=\textup{(\arabic*)}]
\setcounter{enumi}{-1}
\item \(V_T=(T_R\otimes I)V_{\rm good}\): \(M_2=\log_2(4/3)\), \(\dleak=0\).
\item \(V_{\rm cp}\otimes\ket{g_0}_G\) with declared \(G\): \(\CC\) nonconstant
(\(\dleak=\tfrac12\)), every \(O_G\) has zero witness.
\item Supplied one-particle space \(\mathfrak h\ni g_0,g_1\) (orthonormal),
Fock dictionary \(\rho_0\mapsto a^\dagger(g_0)\Omega\),
\(\rho_1\mapsto a^\dagger(\cos\eta\,g_0+\sin\eta\,g_1)\Omega\), and declared
probe \(N(g_1)=a^\dagger(g_1)a(g_1)\) (the probe \(\kb{g_1}{g_1}\) of
\(V_\eta\)): the probe responds with \(\sin^2\eta\), while
\(\omega_j(\Phi(f))=0\) for every \(f\) and both \(j\).
\item Coherent dictionary \(\rho_0\mapsto\Omega\), \(\rho_1\mapsto W(\alpha)\Omega\)
on a prescribed host with metric \(g_{\rm host}\): \(\omega_1(\Phi(f))=
2\operatorname{Re}\langle f,\alpha\rangle\ne\omega_0(\Phi(f))=0\) for some \(f\),
while \(g^{(1)}=g^{(0)}=g_{\rm host}\).
\item Any supplied metric pair \(g^{(0)}\ne g^{(1)}\) and supplied operator
\(G\): for every symbol \(\kappa\ne0\), \(\Delta T_\kappa:=(G[g^{(1)}]-G[g^{(0)}])/\kappa\)
satisfies the displayed relation, so the metric data select neither a law nor
\(\kappa\); L5 requires \(\Delta T\) to be supplied independently, and it is not.
\end{enumerate}
In the reverse direction, L2 implies L1 (Theorem~\ref{thm:P2}), while L1 does
not imply L0 (the copier is Clifford with \(M_2=0\)).
\end{proposition}

\begin{proof}
(0) \(T_R\) does not change \(\Tr_R\), so \(\CC\) is constant; the Choi vector is
\((\ket{00}+e^{\ii\pi/4}\ket{11})/\sqrt2\) up to a fixed factor, with \(M_2=\log_2(4/3)\)
by the count in Theorem~\ref{thm:P3}. (1) \(\CC_G\equiv\kb{g_0}{g_0}\); then
Theorem~\ref{thm:P2}(a). (2) \(\Phi(f)=a(f)+a^\dagger(f)\) changes particle number by
\(\pm1\), so its expectation in a one-particle state is \(0\); and
\(\langle N(g_1)\rangle\) is \(\abs{\langle g_1,\cdot\rangle}^2\) of the one-particle
vector. (3) \(a(f)W(\alpha)\Omega=\langle f,\alpha\rangle W(\alpha)\Omega\); take
\(f=\alpha\). A prescribed host has an input-independent metric by
Definition~\ref{def:package}(ii). (4) Algebra. The reverse statements are
Theorem~\ref{thm:P2} and Theorem~\ref{thm:P3}(b).
\end{proof}

\nonclaim{The field algebra, the dictionaries, and the metrics are supplied
data on prescribed hosts; no dynamics, Einstein equation, or backreaction
is constructed. Layer L3 is defined by one-point data; second moments of
\(\Phi(f)\) do differ in example (2) (PC-14).}

\begin{definition}[Discovery requirements, \S19]
\label{def:requirements}
A cosmological reading of this sheet would need: R1 a physical
spacetime; R2 a defined matter Hilbert space; R3 a complete
preparation map; R4 a field-to-carrier map; R5 a declared access
partition; R6 a geometric observable algebra; R7 a dynamical
matter--geometry coupling; R8 a derived metric response; R9 a controlled
approximation or continuum limit; R10 a prediction distinguishable from
standard cosmology. This sheet supplies R2, R3, R5, and R6 only as
declared finite data (\(C\), \(V\), \(R\!:\!B\), \(O_G\)); it supplies none of
R1, R4, R7, R8, R9, R10.
\end{definition}

\begin{theorem}[Every arrow of the constraint chain needs an added law]
\label{thm:chain}
In the chain
\[
\begin{gathered}
\text{resource}\ \not\Longrightarrow\ \text{leakage}\ \not\Longrightarrow\
\text{probe response}\\
\not\Longrightarrow\ \text{field response}\
\not\Longrightarrow\ \text{metric backreaction (L4 and L5)},
\end{gathered}
\]
each arrow fails on the corresponding example of
Proposition~\ref{prop:layers}, and holds once the following law is added:
\begin{enumerate}[label=\textup{(\roman*)}]
\item resource \(\to\) leakage: a coupling witness, i.e.\ a nonscalar
compression \(V^\dagger(I\otimes O)V\) for some residual \(O\)
(Theorem~\ref{thm:P2}(a)); the resource label does not enter;
\item leakage \(\to\) probe: a declared factor \(G\) and \(O_G\) with nonscalar
\(A_{O_G}\);
\item probe \(\to\) field: a supplied field dictionary under which
\(\omega_j(\Phi(f))=\Tr(O_G\CC_G(\rho_j))\) for some \(f\);
\item field \(\to\) metric: a supplied input-dependent metric map
\(g[\rho]=\mathfrak G\bigl(\omega_\rho(\Phi(\cdot))\bigr)\) with \(\mathfrak G\)
injective; and for L5 a supplied same-model law with \(\Delta T\) defined
independently and a fixed \(\kappa\).
\end{enumerate}
None of these laws is supplied in this sheet (Definition~\ref{def:requirements}).
\end{theorem}

\begin{proof}
Failure: Proposition~\ref{prop:layers}. Sufficiency: (i) a nonscalar
compression gives a nonzero witness and so \(\dleak>0\) by
Theorem~\ref{thm:P2}; (ii) the same; (iii) the field difference equals
the probe difference; (iv) injectivity of \(\mathfrak G\) turns different
one-point data into different metrics, and L5 is then a checkable
identity rather than a definition of \(\Delta T\).
\end{proof}

\nonclaim{The added laws are listed, not proposed. The chain is a structure
of constraints on declared packages, not a cosmological prediction; any
observational content is not derived.}

%---------------------------------------------------------------------
\subsection{Candidate phenomena (\S18): conjectures and finite analogues}

\begin{conjecture}[Cosmological readings; not proved]
\label{conj:18}
The following are labelled conjectures in the plan's sense; this sheet
does not prove or support them as cosmology.
(A) correlation-only matter--geometry response;
(B) quadratic backreaction \(\Delta R,\Delta H\propto\lambda^2\);
(C) leakage without metric change;
(D) recovery transitions at fixed geometry;
(E) constant-curvature blindness of scalar probes;
(F) clock-induced apparent information loss;
(G) distinct Page-like curves with one leakage curve;
(H) nonlocal first signatures.
\end{conjecture}

\begin{proposition}[Finite analogues of A--H]
\label{prop:analogues}
Each item has a finite analogue on declared packages:
\begin{description}[leftmargin=1.5em,style=nextline]
\item[A, H] \(V_{\rm corr}\): local witnesses zero, the joint
\(X_E\otimes X_G\) witness \(2\) (Theorem~\ref{thm:P12});
\item[B] \(\dleak=\tfrac12\sin^2\lambda\) with vanishing first derivative
(Theorem~\ref{thm:P11});
\item[C] \(V_{\rm cp}\) on a prescribed host: \(\dleak=\tfrac12\), host metric
unchanged by definition;
\item[D] \(V\ket j=\ket j_R\ket j_{B_1}\ket{g_0}_G\): with \(G\) and the host fixed,
\(\erec^{R}=\tfrac12\) and \(\erec^{RB_1}=0\) when \(B_1\) joins the access;
\item[E] Theorem~\ref{thm:P4};
\item[F] Theorem~\ref{thm:P10}(d);
\item[G] Theorem~\ref{thm:not-page} and Theorem~\ref{thm:P7}.
\end{description}
\end{proposition}

\begin{proof}
D: with access \(R\), \(\NN\) is the complete dephasing, error \(\tfrac12\)
(Theorem~\ref{thm:rotation}, \(\cos\theta=0\)); with access \(RB_1\), the
remaining complement is \(\kb{g_0}{g_0}\), constant, so recovery is exact
(Theorem~\ref{thm:exact}). C: Theorem~\ref{thm:rotation} and
Definition~\ref{def:package}(ii). The other items are the cited results.
\end{proof}

\nonclaim{Each analogue is a finite channel statement. The conjectures keep
their status; their cosmological reading is not claimed, supported, or
tested here.}

%=====================================================================
\section{Completed program and destination ledger}
\label{sec:ledger}

\small
\begin{longtable}{@{}L{0.22\linewidth}L{0.43\linewidth}
                       L{0.29\linewidth}@{}}
\toprule
Declared program or condition &
Proved channel statement &
What is not inferred\\
\midrule
\endfirsthead
\toprule
Declared program or condition &
Proved channel statement &
What is not inferred\\
\midrule
\endhead
\bottomrule
\endfoot

Identity or tested Clifford baseline &
Complete complement constant; quantum radiation return is exact. &
No geometric model follows from Cliffordness.\\[0.45em]

Clifford CNOT copying body &
\(\dleak=\erec^R=1/2\); logical basis information enters \(B\). &
Magic is not necessary for residual response.\\[0.45em]

Local non-Clifford logical body &
Complement constant; inverse logical unitary recovers exactly. &
A non-Clifford gate does not force leakage.\\[0.45em]

Fixed non-local magical syndrome &
Complement fixed mixed; logical register remains exactly recoverable. &
Bipartite non-local magic is not sufficient for response.\\[0.45em]

Controlled-\(R_y\) body &
\(\dleak=\sin\theta/2\);
\(\erec^R=(1-\cos\theta)/2\). &
The formulas are model-specific, not universal magic laws.\\[0.45em]

Four-Majorana control &
\(\erec^R=(3-z_R)/4\ge1/2\);
complete output reversible. &
No scrambling, magic, or gravitational certificate.\\[0.45em]

Local quantum decoder &
Returns the code register; work is explicitly consumed. &
Enter on the diary is not the decoder.\\[0.45em]

Residual Enter with record supplied &
Access becomes \(R K\); outcome-assisted correction may help. &
Bits alone do not replace an unknown diary.\\[0.45em]

Residual Enter then dropBit &
Observable channel is exactly \(\NN\). &
No permanent physical deletion or additional radiation erasure.\\[0.45em]

Constant radiation &
Complete residual alone exactly recovers the code. &
Global preservation alone does not imply this localization.\\[0.45em]

Nonconstant complete residual &
Some logical information is distinguished by \(B\). &
Residual-only recovery of the whole code need not hold.\\[0.45em]

Constant endpoint complete residual &
Exact endpoint radiation recovery, with access-preserving outputs. &
No gravitational endpoint without a physical construction.\\[0.45em]

\multicolumn{3}{@{}l}{\emph{New in version 2}}\\[0.3em]
Declared factor \(B\simeq G\otimes E\) &
Blind \(G\) iff exact recovery from \(RE\); adjoined factor always blind (Thm.~\ref{thm:factor}). &
Response never forces a geometric factor.\\[0.45em]
Bridge hypotheses (i)--(iii) &
(ii) gives (C1); (i)+(ii) give (C2); all three give (C3) (Thm.~\ref{thm:bridge-sharp}). &
The certificate is idle for the printed conclusion.\\[0.45em]
One magic label &
Each fibre contains \(\dleak=0\) and \(\dleak=\frac12\); indicator error \(\frac12\) (Thm.~\ref{thm:magic-fibre}). &
No label selects leakage.\\[0.45em]
First-order-blind coupling &
\(\dleak=\frac12\sin^2\lambda\), \(\erec^R=\frac12(1-\cos\lambda)\) (Thm.~\ref{thm:second-order}). &
A zero commutator witness does not certify nonresponse.\\[0.45em]
Resource pairs &
\(\dleak(V_1)=\dleak(V_2)=\frac12\), \(\dleak(V_3)=0\) (Thm.~\ref{thm:pairs}). &
Leakage is not a resource measure.\\[0.45em]
Two implementations, one channel &
Different reservoir records (Thm.~\ref{thm:heat}). &
No heat is computed.\\[0.45em]
Leakage history \(\to0\) &
Entropy and record histories not fixed (Thm.~\ref{thm:not-page}). &
No Page curve, mouth metric, or endpoint.\\[0.45em]
Residual Enter, record kept or dropped &
Cut \(RK\); drop gives \(\NN\); classical-only error \(\ge1-1/d\) (Thm.~\ref{thm:drop-exact}). &
Not the shredder cut; not a clock constant.\\
\end{longtable}
\normalsize

\begin{center}
\small
\begin{tabularx}{\linewidth}{@{}L{0.10\linewidth}Y@{}}
\toprule
Plan step & Completed or corrected deliverable\\
\midrule
1 &
Finite prepared-carrier interface and reference-preserving destructive
Born instrument. No field preparation is derived from typing.\\[0.4em]
2 &
Global restore and exact constant-complement criterion.
A Clifford baseline requires the Pauli test, not its label.\\[0.4em]
3 &
The unconditional magic implication is disproved.
A non-Clifford responding family and a general response witness
are constructed instead.\\[0.4em]
4 &
Joint preservation, residual-only localization, observation, and
operational forgetting are separated. No deletion theorem is claimed.\\[0.4em]
5 &
Access-preserving endpoint continuity and arbitrarily late finite-proxy
returns are proved without promoting termination to evaporation.\\[0.4em]
6 &
OpenAI and XIV/XV/XVI comparisons remain documentary separations;
they supply no recovery, magic, geometry, or admission premise.\\[0.4em]
v2 &
Eight criteria and typed refusals (Section~\ref{sec:criteria});
verdicts in Appendix~\ref{app:verdicts}.\\[0.4em]
v3 &
Conditional predictions, layers, constraint chain, and conjectures with
finite analogues (Section~\ref{sec:predictions}); verdicts in
Appendix~\ref{app:verdicts3}.\\
\bottomrule
\end{tabularx}
\end{center}

%=====================================================================
\section{Conclusion}
\label{sec:conclusion}

The generic implication from non-Clifford or bipartite non-local
magic to a nonconstant complete residual is false.
The converse implication is false as well.
The exact invariant governing whole-code radiation recovery is
constancy of the complete complementary channel.

A specified non-Clifford deformation can produce residual response:
the controlled-rotation construction proves this with exact
distances, and the first-order observable theorem supplies a
general sufficient condition. The coupling witness, not the
resource label alone, establishes the conclusion.

Residual response is not geometric backreaction. Version~2 makes this a
criterion (Theorems~\ref{thm:factor} and~\ref{thm:bridge-sharp}).
A geometric interpretation needs a justified subsystem or observable dictionary,
a matter-input identification, and same-model physical dynamics.
The supplied plan cannot replace these hypotheses by terminology.

Enter remains destructive readout after a finite carrier exists.
It is not unitary evolution, quantum decoding, or physical deletion.
Complete unitary apparatus outputs retain the information omitted
from the observer's classical interface.

The completed mathematical release consists of the local channel
theorems, the Clifford test, the magic counterexamples, the responding
family, the quantitative witness, the control accounting, and the
endpoint and recurrence distinctions.
No physical field-to-memory receiver, metric response law,
gravitational endpoint, or admitted analytic quantum coefficient
is established.

Version~2 turns the corrections into tests. A proposal fails if it
names a factor ``geometric'' without a dictionary
(Theorem~\ref{thm:factor}), omits any one of the three bridge lines
(Theorem~\ref{thm:bridge-sharp}), infers leakage from a magic label
(Theorem~\ref{thm:magic-fibre}), reads a zero commutator witness as
nonresponse (Theorem~\ref{thm:second-order}), reads leakage as a
resource measure (Theorem~\ref{thm:pairs}), or takes a heat ledger,
a Page history, or a diary restoration from channel data alone
(Theorems~\ref{thm:heat}, \ref{thm:not-page}, \ref{thm:drop-exact}).

Version~3 reads the proposed cosmological predictions as conditional
statements. What survives is a structure of constraints with sharp
constants: a probe response is bounded by \(4\norm O\dleak\)
(Theorem~\ref{thm:P14}); it requires a nonscalar compression
(Theorem~\ref{thm:P2}); it can be correlation-only (Theorem~\ref{thm:P12});
it samples a prescribed profile without backreaction (Theorem~\ref{thm:P5});
and every step from resource to metric law needs a law that is not
supplied here (Theorem~\ref{thm:chain}).

\section*{Declarations}
\addcontentsline{toc}{section}{Declarations}

\paragraph{Verification.}
The source supplies analytical arguments. The finite numerical checks
of Appendix~\ref{app:checks} are sanity checks of stated formulas, not
proofs. No proof-assistant verification, independent technical review,
or journal acceptance is asserted.

\paragraph{Authorship and source accessibility.}
The title page names Ngo Cheung; authorship requires confirmation.
The responsible author should confirm archival accessibility of the
unpublished comparisons before submission.
Missing publication metadata and persistent identifiers are not
invented.

\paragraph{Originality and scope.}
Exact correction, no-hiding, Stinespring dilation, stabilizer
structure, and information--disturbance are established theories.
The present manuscript does not claim priority for them.
Its explicit comparisons do not identify different models,
resource conventions, or geometric observables.

%=====================================================================
\appendix

\section{Documentary analytic boundaries}
\label{app:analytic}

The supplied analytic excerpts concern a different distributional
characteristic-composition problem. Their kernels, carrier,
signs, cutoffs, and observable are not identified with
\(C,R,B,V\), or \(U_\theta\).

The supplied XIV-H release stops at its H2 transition-amplitude
requirement. XIV-I constructs its named internal amplitude module
at I2 but does not construct the complete joint characteristic map
at I3 \cite{CheungXIVH,CheungXIVI}.
XIV-J supplies reconstruction descent and an off-characteristic
reference for \(K_6+K_8+K_9\), not the full six-branch map on tests
meeting the characteristic locus
\cite[\texttt{thm:J2}, \texttt{cor:noadmission}]{CheungXIVJ}.

The necessary algebraic descent condition can be proved independently.

\begin{lemma}[Reconstruction descent]
\label{lem:descent}
Let \(\mathsf{Rec}:P\to K\) be a surjective linear map.
A linear candidate \(\widetilde M:P\to D\) factors uniquely
through \(K\) if and only if
\[
\ker\mathsf{Rec}\subseteq\ker\widetilde M.
\]
\end{lemma}

\begin{proof}
Necessity follows from factorization.
Conversely, define \(M(\mathsf{Rec}\,p)=\widetilde M(p)\).
Presentations of the same reconstruction differ by a null
presentation, so this is well defined and unique.
\end{proof}

\nonclaim{It does not construct a characteristic product.}

This interface is the one recorded in
\cite[\texttt{prop:descent}]{CheungXIVJ}.
It does not construct a characteristic product.
The identity \(q\delta'(q)=-\delta(q)\) likewise shows that
presentation degree need not descend to an intrinsic symbol.
It does not invalidate an already proved internal reconstruction.

The remaining documentary chain is
\[
\begin{gathered}
\text{full joint characteristic map}\\
\longrightarrow\text{joint section and controlled remainder}\\
\longrightarrow\text{uniform transverse estimates}\\
\longrightarrow\text{contact compatibility}\\
\longrightarrow\text{complete output wavefront theorem}\\
\longrightarrow\text{admission of the required coefficient}.
\end{gathered}
\]
No arrow is supplied by finite typing, Enter, a resource label,
or a residual witness.

Under the supplied contract, the admission-dependent exit would
require the unasserted membership
\[
Q_HR_1^{(1)}\in\mathscr E_H.
\]
These symbols identify that separate documentary problem;
they are not objects constructed here.
XV-B contains abstract lifting and extension interfaces but does
not admit the inherited coefficient \cite{CheungXVB}.
Thus its admission-dependent exit is not opened by En04-A.

The supplied XVI-N obstruction is conditional on its specified
massless instance and route hypotheses
\cite{CheungXVIN}. It neither constructs the missing characteristic
map nor discharges a universal analytic completion.
The corresponding broader obligations are not discharged here.

The analytic continuation is not the parallel relative-classical
XIV-A--XIV-B branch. XIII-E's alternative route is not imported.
Later continuation or patch labels do not constitute completed
maps. These statements report the supplied scope, not universal
nonexistence theorems.

In the supplied terminology, O.1 remains
\texttt{NOT\_CLOSED}. This is a documentary status label,
not a new mathematical object closed by the present channel proofs.

%=====================================================================
\section{OpenAI catalogue: separation, not premise}
\label{app:openai}

The supplied companion record attributes the following family
descriptions to OpenAI \cite{SuppliedCatalogue}.
Their proofs, attribution, and publication status are not independently
verified here. No family is a premise or an evaluation of
\(U_\theta\), the four-Majorana control, or a gravitational model.

\begin{center}
\small
\begin{tabularx}{\linewidth}{@{}L{0.12\linewidth}Y Y@{}}
\toprule
Family & Supplied topic & Refused transfer\\
\midrule
227 &
Sherrington--Kirkpatrick mixing, dynamical transitions,
and critical autocorrelations &
No quantum scrambling, OTOC evaluation, or four-Majorana
recovery certificate.\\[0.4em]
279 &
Exact quantum factoring over a fixed finite gate set &
No compilation or complexity theorem for the admitted
unitary constants.\\[0.4em]
274 &
Moore's parity conjecture for \(\mathrm{QAC}^0\) &
No limitation on this differently specified typed fragment
and no residual-response evaluation.\\[0.4em]
276 &
Classical capacity of qubit generalized amplitude-damping channels &
No complete-complement decoder and no substitute for exact
whole-code correction.\\[0.4em]
265 &
A two-dimensional area law from a global spectral gap \citeSR{OAI265} &
Not the leakage history of Theorem~\ref{thm:not-page}; no geometric dictionary.\\[0.4em]
272 &
Entanglement with zero distillable secret key in local dimension ten \citeSR{OAI272} &
Not the dictionary or resource certificate of Corollary~\ref{cor:bridge}.\\[0.4em]
280 &
Strongly rational unitary vertex operator algebras and conformal nets \citeSR{OAI280} &
Not a certificate; Oai280-A's channels are not \(V_1,V_2,V_3\) of Theorem~\ref{thm:pairs}.\\
\bottomrule
\end{tabularx}
\end{center}

In particular, ``Family 227 by OpenAI'' is not an estimate used in
the exact control proof, and ``Family 279 by OpenAI'' does not
justify exact synthesis of a controlled continuous-angle rotation.
OpenAI catalogue entries remain documentary separations.
O.1 stays \texttt{NOT\_CLOSED}; no quantum coefficient is admitted;
XV-B's admission exit is not opened; and the separate XVI-N
obligations are not discharged.

%=====================================================================
\section{A submission package for a future physical bridge}
\label{app:future}

A positive same-model magic-to-geometric-response claim should
archive at least:
\begin{enumerate}
\item the physical code and complete preparation or purification;
\item the field-to-carrier interface and approximation topology;
\item the frozen Pauli or other resource convention;
\item the complete coherent evolution and access partition;
\item the precise magic quantity, free operations, and validated
resource certificate;
\item the full logical matrix-unit channels, not only populations;
\item a residual response witness and its error allowance;
\item independently justified geometric observables and matter labels;
\item the same-model dynamical or constitutive comparison connecting
those observables to geometry;
\item a complete quantum decoder or a proved recovery obstruction;
\item separate quantum-return and classical-observation programs;
\item all syndrome, failure, work, measurement, and discard outputs;
\item compatible regulator and implementation allowances;
\item a justified common time interval or access-preserving endpoint.
\end{enumerate}

A vacuum magic claim, a non-Clifford gate count, a selected entropy,
a classical record, or a finite-program termination theorem does
not replace this package.

%=====================================================================
\section{Version crosswalk, v1 \texorpdfstring{\(\to\)}{to} v2}
\label{app:crosswalk}

Parent: En04-A as served by the companion site, sha256
\texttt{91ebd6ca004f0593\allowbreak 6ecc1c17874007d5\allowbreak 8290c9c3425ec3b4\allowbreak edd0ec3ed624c2e2}; it carries no version marker and is treated as
version~1. No v1 label is removed or renamed, and no v1 statement is
changed.

\begin{center}
\small
\begin{tabularx}{\linewidth}{@{}L{0.33\linewidth}Y@{}}
\toprule
v1 item & v2 status\\
\midrule
Sections 1--9, all labelled results &
Kept; a non-claim line added after each result.\\[0.3em]
\texttt{thm:linearresponse} &
Kept; its non-necessity is now Theorem~\ref{thm:second-order}.\\[0.3em]
\texttt{prop:geometrywitness}, \texttt{cor:bridge} &
Kept; classified by Theorems~\ref{thm:factor} and~\ref{thm:bridge-sharp}.\\[0.3em]
\texttt{cor:noimplication}, \texttt{prop:independence} &
Kept; quantified by Theorems~\ref{thm:magic-fibre} and~\ref{thm:pairs}.\\[0.3em]
\texttt{thm:endpoint}, \texttt{prop:recurrence} &
Kept; separated from Page and record histories by Theorem~\ref{thm:not-page}.\\[0.3em]
\texttt{thm:drop}, \texttt{thm:classical} &
Kept; combined in Theorem~\ref{thm:drop-exact}.\\[0.3em]
Unlabelled reconstruction-descent lemma (App.~\ref{app:analytic}) &
Label \texttt{lem:descent} added; statement unchanged.\\[0.3em]
v1 Section 12 (ledger), Section 13 (conclusion) &
Now Sections~\ref{sec:ledger} and~\ref{sec:conclusion}; v2 rows and paragraph added.\\[0.3em]
New &
Section~\ref{sec:criteria}: \texttt{thm:factor}, \texttt{thm:bridge-sharp},
\texttt{lem:cliffdil}, \texttt{thm:magic-fibre}, \texttt{lem:cq},
\texttt{thm:second-order}, \texttt{prop:secondorder}, \texttt{thm:pairs},
\texttt{thm:heat}, \texttt{thm:not-page}, \texttt{thm:drop-exact};
Appendices~\ref{app:crosswalk}--\ref{app:checks}.\\[0.3em]
Typesetting &
\texttt{\textbackslash mathscr} now loads \texttt{mathrsfs}; two display blocks
ending in \texttt{\textbackslash end\{gathered\}} now close with \texttt{\textbackslash]};
the abstract is shortened; the OpenAI table adds Families 265, 272, 280.\\
\bottomrule
\end{tabularx}
\end{center}

%=====================================================================
\section{Plan verdicts and plan corrections}
\label{app:verdicts}

Verdicts on the eight theorems of the plan: \emph{held} (proved as
stated, possibly with scope made explicit), \emph{corrected} (a
nontrivial or true form is proved instead), or \emph{rejected}.
None is rejected.

\begin{center}
\small
\begin{tabularx}{\linewidth}{@{}L{0.20\linewidth}L{0.13\linewidth}Y@{}}
\toprule
Theorem & Verdict & Proved form\\
\midrule
\texttt{thm:factor} & corrected (PC-1) &
Criterion; adjoined factor always blind; on fixed \(B\) iff exact
recovery from \(RE\); fails for \(V_{\mathrm{bad}}\) and prime
\(\dim B\); single null observable whenever \(\dim B>d\).\\[0.3em]
\texttt{thm:bridge-sharp} & corrected (PC-2) &
Each hypothesis necessary for (C3); (iii) idle for the printed
conclusion (C1)+(C2).\\[0.3em]
\texttt{thm:magic-fibre} & corrected (PC-3, PC-4, PC-8) &
Flag, declared and minimal (\(\tau\le1\)) T-count, stabilizer-entropy
bins; \(d=2^k\); minimax indicator error \(\frac12\).\\[0.3em]
\texttt{thm:second-order} & held &
Explicit \(K\), \(m\equiv0\), \(\dleak=\frac12\sin^2\lambda\); leading
coefficient \(\frac12\) exact.\\[0.3em]
\texttt{thm:pairs} & corrected (PC-5) &
Values held; \(V_2\) is the \(T\)-dressed copier, not a rotation-family
member.\\[0.3em]
\texttt{thm:heat} & held (PC-9 scope) &
Same carrier, different reservoir records; no heat computed.\\[0.3em]
\texttt{thm:not-page} & held (PC-7 scope) &
Leakage history does not fix archive, entropy, mouth, or endpoint data.\\[0.3em]
\texttt{thm:drop-exact} & held (PC-6) &
Cut \(RK\); exact drop; record alone and classical-only error
\(\ge1-1/d\).\\
\bottomrule
\end{tabularx}
\end{center}

\paragraph{Plan corrections.}
\begin{enumerate}[label=PC-\arabic*,leftmargin=3.2em]
\item \texttt{thm:factor}: the literal statement is trivial when
\(\dim G=1\) or \(\mathscr O_G\) contains only scalars, and false in the
nontrivial full-factor form for \(V_{\mathrm{bad}}\) and for prime
\(\dim B\) (Remark~\ref{rem:pc-factor}).
\item \texttt{thm:bridge-sharp}: hypothesis (iii) is not necessary for the
printed conclusion of \texttt{cor:bridge}; necessity holds for the
magic-accompanied conclusion (C3) (Remark~\ref{rem:pc-bridge}).
\item \texttt{thm:magic-fibre}: magic labels need a qubit frame; stated
for \(d=2^k\), other \(d\) after a declared padding.
\item \texttt{thm:magic-fibre}: \(T\)-count is a circuit property; it is
replaced by the declared circuit count or the minimal count \(\tau\).
No lower bound on \(\tau\) above \(1\) is claimed.
\item \texttt{thm:pairs}: in the rotation family, \(\dleak=\frac12\) only at
the Clifford point \(\theta=\pi/2\); \(V_2\) replaced (Remark~\ref{rem:pc-pairs}).
\item \texttt{thm:drop-exact}: the plan cites En09-B \texttt{thm:cDsharp}
for the sharp return \(1-1/D\). In the fetched En09-B (v6), \(1-1/D\) is
\texttt{prop:sharp}; \texttt{thm:cDsharp} is the robustness constant
\(2-2/D\). Both are cited as separations only.
\item \texttt{thm:not-page}: by \texttt{prop:recurrence}, a finite
autonomous Hamiltonian from a vacuum start never has \(\dleak(t)\to0\);
the hypothesis concerns a declared family or an access-preserving limit.
\item \texttt{thm:magic-fibre}: the error \(\frac12\) is the minimax value
over \([0,1]\)-valued or randomized reports; a deterministic
\(\{0,1\}\)-valued report has worst-case error \(1\) on the same fibres.
\item \texttt{thm:heat}: ``fixed complete isometry'' is read as a fixed
carrier \(C\to R\otimes B\). If the ledger registers are adjoined to the
residual, the complete isometries differ by a fixed code-independent
factor with the same \(\NN\), \(\dleak\), and \(\erec^R\).
\end{enumerate}

%=====================================================================
\section{Version crosswalk, v2 \texorpdfstring{\(\to\)}{to} v3}
\label{app:crosswalk3}

Parent: En04-A-v2, frozen, sha256
\texttt{6e8ee2fe5fcf3990\allowbreak 579d21ba6dcecdd2\allowbreak 13254b2fbe5b51a6\allowbreak 86080c2d2038434}
(MANIFEST \texttt{ea486e3d4968b6a2\allowbreak b30eb04cc3dce0c5\allowbreak 9cd305d375b1602c\allowbreak 837c514aac665e17}).
No v1 or v2 label is removed or renamed, and no v2 statement is changed.

\begin{center}
\small
\begin{tabularx}{\linewidth}{@{}L{0.33\linewidth}Y@{}}
\toprule
v2 item & v3 status\\
\midrule
Sections 1--12, all labelled results & Kept unchanged.\\[0.3em]
Ledger, conclusion, status tail & One row, one paragraph, and a v3 status line added.\\[0.3em]
\texttt{lem:witness} \eqref{eq:observablewitness} & Kept; the sharp constant and the normalized form are Theorem~\ref{thm:P14}.\\[0.3em]
\texttt{thm:rotation}, \texttt{lem:cq} & Kept; reused for Theorems~\ref{thm:P5}, \ref{thm:P10}, \ref{thm:P12}.\\[0.3em]
\texttt{thm:magic-fibre}, \texttt{lem:cliffdil} & Kept; extended in both directions by Theorem~\ref{thm:P3}.\\[0.3em]
\texttt{thm:second-order}, \texttt{thm:not-page}, \texttt{thm:drop-exact} & Kept; read conditionally in Theorems~\ref{thm:P11}, \ref{thm:P7}, \ref{thm:P8}.\\[0.3em]
New & Section~\ref{sec:predictions}: \texttt{def:package}, \texttt{lem:minimax},
\texttt{thm:P14}, \texttt{thm:P2}, \texttt{thm:P12}, \texttt{def:compression},
\texttt{thm:P4}, \texttt{thm:P5}, \texttt{thm:P6}, \texttt{thm:P7}, \texttt{thm:P16},
\texttt{thm:P3}, \texttt{thm:P8}, \texttt{thm:P9}, \texttt{thm:P10}, \texttt{thm:P11},
\texttt{def:layers}, \texttt{prop:layers}, \texttt{def:requirements},
\texttt{thm:chain}, \texttt{conj:18}, \texttt{prop:analogues};
Appendices~\ref{app:crosswalk3} and~\ref{app:verdicts3}; a v3 check table.\\[0.3em]
Bibliography & One entry added: En04-B~v2 (unregistered draft), source record; not a premise.\\
\bottomrule
\end{tabularx}
\end{center}

%=====================================================================
\section{Prediction verdicts, plan corrections, and documentary corrections (v3)}
\label{app:verdicts3}

Verdicts: \emph{held} (proved as a conditional theorem on declared
packages), \emph{corrected} (a precise true form is proved and the
plan's form is recorded as false or loose), \emph{conjecture only} (no
proof is offered for the cosmological reading; a finite analogue may be
proved). No item is held as a cosmological prediction.

\begingroup\small
\begin{longtable}{@{}L{0.10\linewidth}L{0.18\linewidth}L{0.66\linewidth}@{}}
\caption{Verdicts on the plan items of t329u.}\label{tab:v3verdicts}\\
\toprule
Item & Verdict & Exact statement proved\\
\midrule
\endfirsthead
\toprule
Item & Verdict & Exact statement proved\\
\midrule
\endhead
\#1 & held & Leakage without probe response: Prop.~\ref{prop:layers}(1); equal
channel data with different host data: Thm.~\ref{thm:P6}(c), Thm.~\ref{thm:P7}.\\
\#2 & held & \(w\ne0\iff A_{O_G}\) nonscalar; \(\dleak\ge\abs w/(2s(O_G))\); \(\erec^R>0\) (Thm.~\ref{thm:P2}).\\
\#3 & held & Equal labels with zero, nonzero, and opposite responses; equal response with \(M_2=0\) vs \(\log_2(4/3)\) (Thm.~\ref{thm:P3}).\\
\#4 & held & Constant profile \(\Rightarrow O_{\mathcal R}=\mathcal R_0I\), zero witness for every carrier; other probes respond (Thm.~\ref{thm:P4}).\\
\#5 & corrected (PC-11) & \(w=(\kappa_1-\kappa_0)\sin^2\eta+\sin2\eta\operatorname{Re}c\); the plan's form needs \(c=0\); sampling with \(\mathcal R^{(1)}-\mathcal R^{(0)}\equiv0\) (Thm.~\ref{thm:P5}).\\
\#6 & held (PC-15) & Fixed host datum: \(\dleak\) ranges over \([0,a_d]\), minimax error \(a_d/2\); fixed declared \(G\): range \([0,\tfrac12]\), error \(\tfrac14\) (Thm.~\ref{thm:P6}).\\
\#7 & held & Same leakage history, entropy over \([0,1]\) bit, minimax \(\tfrac12\) bit; host function unconstrained (Thm.~\ref{thm:P7}).\\
\#8 & held (DC-2) & Classical floor \(1-1/d\), attained; distinct from \(a_d\); an exact parameter label does not lower it (Thm.~\ref{thm:P8}).\\
\#9 & held, constants exact (PC-12, DC-3) & \(F_e=1/d^2\), error \(a_d\); success \(\tfrac12(1+\dtr)\); \(\abs{\hat\alpha-\alpha}\le\abs{\hat s-s(\alpha)}/c\) on a co-Lipschitz interval; witness \(c=\sqrt2\) (Thm.~\ref{thm:P9}).\\
\#10 & corrected (PC-13) & \(\dleak=\tfrac12\sqrt{1-\abs{\langle\tau_0|\tau_1\rangle}^2}\) (\(\tfrac12\) iff orthogonal), \(1-1/d\) for \(d\) orthogonal states; clock = copier complement (Thm.~\ref{thm:P10}).\\
\#11 & held (PC-17) & \(\dleak=\tfrac12\sin^2\lambda\), \(\erec^R=\tfrac12(1-\cos\lambda)\), witness \(2\sin^2\lambda\), first derivative zero (Thm.~\ref{thm:P11}); \(\Delta g,\Delta R,\Delta H\sim\lambda^2\) not claimed.\\
\#12 & held & Both marginals \(\TT_{I/2}\), joint nonconstant, \(\dleak=\erec^R=\tfrac12\) (Thm.~\ref{thm:P12}).\\
\#13 & held & \(X_E\otimes X_G\) witness \(2\), optimal over unit-norm products and equal to \(4\norm O\dleak\); not evidence of a geometric law (Thm.~\ref{thm:P12}).\\
\#14 & corrected (PC-10, DC-1) & \(\abs{\Delta\langle O\rangle}\le s(O)\dtr\le2s(O)\dleak\le4\norm O\dleak\); \(\gamma_O\le2\dleak\); all equalities for the copier with \(Z_B\); plan's \(2\norm O\dleak\) false (Thm.~\ref{thm:P14}).\\
\#15 & held (PC-15) & Fixed host: all carriers, \(\dleak\in[0,a_d]\); with a supplied dictionary \(\mathfrak D\), \(\dleak\) is a function of \(h\) (Thm.~\ref{thm:P6}(b),(d)).\\
\#16 & held & \(\kappa\)-independent data: minimax \(\ge(\sup K-\inf K)/2\), infinite on \((0,\infty)\); injective supplied law identifies \(\kappa\) symbolically (Thm.~\ref{thm:P16}).\\
\S17 & held as proposition (PC-14) & Layers L0--L5 (Def.~\ref{def:layers}); each L\(k\not\Rightarrow\)L\((k+1)\) with explicit example; L2\(\Rightarrow\)L1 (Prop.~\ref{prop:layers}).\\
\S18 A--H & conjecture only; finite analogues proved & Conj.~\ref{conj:18}; analogues A--H in Prop.~\ref{prop:analogues}.\\
\S19 & held as definition and theorem & Requirements R1--R10, of which R2, R3, R5, R6 are supplied as declared data (Def.~\ref{def:requirements}); every arrow fails without, and holds with, its added law (Thm.~\ref{thm:chain}).\\
\bottomrule
\end{longtable}
\endgroup

\paragraph{Plan corrections (v3).}
\begin{enumerate}[label=PC-\arabic*,leftmargin=3.6em]
\setcounter{enumi}{9}
\item \#14: the displayed constant \(2\norm{O_G}\) is false (copier: \(2>1\));
sharp constants are \(2s(O)\) and \(4\norm O\), or \(\gamma\le2\dleak\) with
\(\gamma\) normalized by \(2\norm O\) (Remark~\ref{rem:pc-P14}).
\item \#5: the witness has the cross term \(\sin2\eta\operatorname{Re}c\); the
plan's form holds for \(c=0\) (Remark~\ref{rem:pc-P5}).
\item \#9: ``\(\lesssim\)'' is replaced by the exact inequality on an interval where
\(s\) is co-Lipschitz (Remark~\ref{rem:pc-P9}).
\item \#10: leakage \(\tfrac12\) needs orthogonal qubit clock states
(Remark~\ref{rem:pc-P10}).
\item \S17: field response is defined by one-point smeared data; with
second moments the example of Prop.~\ref{prop:layers}(2) would respond.
The plan's layers are not independent in reverse: probe response implies
residual response.
\item \#6, \#15: the range \([0,a_d]\) needs \(\dim R,\dim B\ge d\)
(Remark~\ref{rem:pc-P6}).
\item \#3: the plan's replacement \(\Delta R=\kappa\mathcal W[\cdot]\) is not adopted;
\(\mathcal W\) and \(\kappa\) are not supplied, and \(\kappa\) stays a symbol.
\item \#11 and \S18\,B: the finite analogue concerns \(\dleak\), \(\erec^R\), and a
probe witness, not \(\Delta g\), \(\Delta R\), or \(\Delta H\).
\end{enumerate}

\paragraph{Documentary corrections.}
\begin{enumerate}[label=DC-\arabic*,leftmargin=3.6em]
\item The normalized response \(\gamma\) and \(\gamma\le2\dleak\), the host
fibre, and the curvature sampling witness (\#4, \#5, \#6, \#14, \#15) are
En04-B material \citeSR{CheungEn04Bv2}, not En04-A~v2 theorems; they are
proved here locally.
\item \#8 calls \(1-1/d\) ``the manuscript's shredding theorem''; in En04-A it
is \texttt{thm:classical} and \texttt{thm:drop-exact} (with I-C \texttt{thm:A}
\citeSR{CheungIC}); the hosted shredder cut belongs to En04-B.
\item The echo (\#9) and the clock (\#10) are not En04-A~v2 theorems; they are
proved here locally (Theorems~\ref{thm:P9}, \ref{thm:P10}).
\item The plan attributes the sampling witness to ``the manuscript''; En04-A~v2
has no profile \(\mathcal R\) or modes \(f_a\); Definition~\ref{def:compression}
introduces them.
\end{enumerate}

\paragraph{What stays open.}
A physical spacetime, field-to-carrier map, dynamical matter--geometry
coupling, derived metric response, continuum limit, and distinguishable
prediction (R1, R4, R7--R10); a carrier dictionary \(\mathfrak D\); a
sensitivity law fixing \(\kappa\); a same-model law (L5); every conjecture of
Conj.~\ref{conj:18} as cosmology. O.1 stays \texttt{NOT\_CLOSED}.

%=====================================================================
\section{Source records consulted}
\label{app:sources}

\SRline\ Each record was fetched read-only from
\url{https://enter.grok.me/api/manuscript/<ID>} or the catalogue page,
on 25 October 2026. The hashes identify the fetched copies.

\begin{center}
\footnotesize
\begin{tabularx}{\linewidth}{@{}L{0.14\linewidth}L{0.33\linewidth}Y@{}}
\toprule
Record & Labels used & sha256 of fetched copy\\
\midrule
Hawk04-A & \texttt{thm:global}, \texttt{thm:exact}, \texttt{cor:nohiding}, \texttt{thm:four-majorana} & \texttt{68fd298348547eeb\allowbreak dcac8e9e91571fc1\allowbreak 6aa2abecad217090\allowbreak 8a6f03bebf0b3f2d}\\
Hawk04-B & \texttt{thm:drop} & \texttt{9b2456d167c530fd\allowbreak b3b57d706d49ffe3\allowbreak 8538d82128d7e8ed\allowbreak a6400101d13d05f8}\\
Hawk05-B & \texttt{thm:page} & \texttt{0404bd27adc8c80d\allowbreak 1f2e12f860ac60b9\allowbreak a421349da7826246\allowbreak f8ca0eb715d3ca4a}\\
I-C (v2) & \texttt{thm:A}, \texttt{thm:B} & \texttt{10f3878a3e890d8d\allowbreak 1b10cbfcfdf681a9\allowbreak 441b642a3baf420a\allowbreak fccbe3be2c464199}\\
I-C-Th & \texttt{thm:access}, \texttt{thm:thermal}, \texttt{thm:reset} & \texttt{3eb1165a52673a06\allowbreak 8a90f0025663edcb\allowbreak 7be3cc4482011439\allowbreak 37832701d4dcf6ef}\\
En07-A & \texttt{prop:no-landauer-from-channel} & \texttt{5b2641e125dec924\allowbreak 3ea5f48fabc48325\allowbreak 2b0614c59682466e\allowbreak caf57fb0d200bde6}\\
Res01-C & \texttt{thm:island}, \texttt{thm:haar}, \texttt{thm:recordgap} & \texttt{5311218b51faedfe\allowbreak 6aea65484ba6b705\allowbreak 7884314bf9fb88da\allowbreak 81bba3f437579916}\\
En09-B (v6) & \texttt{prop:sharp}, \texttt{thm:cDsharp} & \texttt{979843477ff4c3bb\allowbreak a1698a63376c6ee9\allowbreak ed5c074bb3b03d76\allowbreak cf46d5a15915c459}\\
Big01-A (v5) & \texttt{thm:fibre} & \texttt{8849b3556e2925be\allowbreak ed6a009218d8d84a\allowbreak 4a2e9abd2c023dd4\allowbreak 64437122de0f8c82}\\
Big04-A-coeff & \texttt{thm:C-adaptive} & \texttt{69d97b6fb3d598e7\allowbreak 31d4a57254c41a4c\allowbreak 189a0e686f2cb00b\allowbreak 62144c2bbaa03e54}\\
Oai280-A & \texttt{prop:goodbad} & \texttt{f0aede62e8eb5502\allowbreak 6c6b5b587066ff89\allowbreak 614f29192669e859\allowbreak eb0bdaf5db0ffc1e}\\
Family 265 & catalogue page 265-01 & \texttt{cdfc95803023297f\allowbreak 49a259566e5ae59c\allowbreak db75cb18090193cc\allowbreak 2fafa605869adc15}\\
Family 272 & catalogue page 272-01 & \texttt{6ac380c067e17932\allowbreak cb62b7e7d18db139\allowbreak af242a6828fbeb69\allowbreak a6aa32a2bb80ac5c}\\
Family 276 & catalogue page 276-01 & \texttt{229548f5c9e1d17a\allowbreak d2e4ce72f9e2c150\allowbreak 1c8fd799b77c8f1e\allowbreak 47c71bef18184490}\\
Family 280 & catalogue page 280-01 & \texttt{399604a5114840d0\allowbreak de5c47cb074ded37\allowbreak 3746391a2321e522\allowbreak 57fc08356e94def1}\\
En04-B & not registered (API 404) & none\\
En04-B v2 draft & \texttt{thm:leak-exact} (comparison only) & \texttt{d10c2a4c81d90f46\allowbreak 9827d77619a6087b\allowbreak c91bc75a69f5bd08\allowbreak 14aad1f7a14af5a0} (local file)\\
\bottomrule
\end{tabularx}
\end{center}

All listed labels were found in the fetched copies. The I-C labels sit
in a \texttt{mainthm} environment. Catalogue hashes are of text extracts
of the pages. En04-B is cited only as an unregistered source record;
hosting, Green-sector blindness, the rod witness, Hosts A/B, the
host-fibre certificate, and the shredder cut are not re-proved here.
Version~3 also consulted, read-only, the unregistered En04-B~v2 draft
supplied in the working conversation, for its normalization of \(\gamma\) and
its rod form only; the v3 theorems that overlap it are proved locally.

%=====================================================================
\section{Finite numerical checks}
\label{app:checks}

The checks are finite-dimensional sanity checks of the formulas above:
semidefinite programs (solver CLARABEL, tolerance \(2\times10^{-6}\))
for half-diamond leakage and optimal recovery, \texttt{sympy} for the
symbolic identities, Pauli-spectrum tests for stabilizer states and
Clifford unitaries, negative controls, and mutation tests. They are not
proofs. Totals: 161 checks, 161 passed, 0 failed (positive: 59, negative-control: 7, mutation: 6, and 89 version-2 checks rerun as regression). The checks file has sha256
\texttt{6768bfffa1f4645c\allowbreak dfc5fae2df4ceb57\allowbreak 82b42673b57bcbcf\allowbreak eb6bb5a33b5c5a88}.

Mutation tests confirm that the following false variants are detected:
the constant \(2\norm O\) in Theorem~\ref{thm:P14}, the witness without the
cross term in Theorem~\ref{thm:P5}, a minimax value \((b-a)/4\), a response that
is a function of \(M_2\), the floor \(1-d^{-2}\) for classical records, and leakage
\(\tfrac12\) for a non-orthogonal clock.

\paragraph{Version~3 checks.}
\begin{center}
\small
\begin{tabular}{@{}lrr@{}}
\toprule
Result & checks & passed\\
\midrule
\texttt{lem:minimax} & 3 & 3\\
\texttt{prop:analogues} & 2 & 2\\
\texttt{prop:layers} & 6 & 6\\
\texttt{thm:P10} & 7 & 7\\
\texttt{thm:P11} & 4 & 4\\
\texttt{thm:P12} & 7 & 7\\
\texttt{thm:P14} & 13 & 13\\
\texttt{thm:P16} & 2 & 2\\
\texttt{thm:P3} & 3 & 3\\
\texttt{thm:P4} & 2 & 2\\
\texttt{thm:P5} & 10 & 10\\
\texttt{thm:P6} & 3 & 3\\
\texttt{thm:P7} & 1 & 1\\
\texttt{thm:P8} & 4 & 4\\
\texttt{thm:P9} & 5 & 5\\
\bottomrule
\end{tabular}
\end{center}
\paragraph{Version~2 checks (rerun).}
\begin{center}
\small
\begin{tabular}{@{}lrr@{}}
\toprule
Result & checks & passed\\
\midrule
\texttt{lem:constant(v1)} & 2 & 2\\
\texttt{prop:independence(v1)} & 1 & 1\\
\texttt{thm:bridge-sharp} & 3 & 3\\
\texttt{thm:drop-exact} & 13 & 13\\
\texttt{thm:factor} & 17 & 17\\
\texttt{thm:heat} & 3 & 3\\
\texttt{thm:magic-fibre} & 23 & 23\\
\texttt{thm:majorana(v1)} & 4 & 4\\
\texttt{thm:not-page} & 4 & 4\\
\texttt{thm:pairs} & 6 & 6\\
\texttt{thm:rotation(v1)} & 4 & 4\\
\texttt{thm:second-order} & 9 & 9\\
\bottomrule
\end{tabular}
\end{center}
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\section*{Status tail}
\addcontentsline{toc}{section}{Status tail}
\noindent\textbf{Standing ledger.} \StandingLedger

\noindent\SRline\ \NQCline\ \BoundaryAdd

\noindent Status of version~2: eight plan theorems formed and proved
locally (three held, five corrected, none rejected; Appendix~\ref{app:verdicts}).
Open: a same-model geometric dictionary; a certified resource in a
physical carrier convention; minimal \(T\)-count lower bounds above
\(1\); a heat ledger for any physical implementation; a physical receiver,
metric response law, Page curve, mouth metric, or gravitational endpoint.
This sheet is not registered; authorship requires confirmation.

\noindent Status of version~3: sixteen predictions stated as conditional
theorems (thirteen held, three corrected; plan corrections PC-10 to PC-17), the layer
proposition and the constraint-chain theorem proved, eight candidate
phenomena kept as conjectures with finite analogues
(Appendix~\ref{app:verdicts3}). No cosmological prediction, Einstein
equation, numerical \(\kappa\), or observational claim is made; open items
are listed in Appendix~\ref{app:verdicts3}.
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